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About This Report

This report asks why mathematics describes the natural world so effectively, and what that effectiveness
reveals about the structure of reality. It belongs to the H Heuristics Architecture of Creation series. The
foundational report argued that reality produces recurring forms because matter, energy, information and
development operate within a constrained set of mathematical relationships and physical laws. It
described how constraints define a space of viable forms, generative processes explore that space, and
filters decide what persists. Later reports applied that model to the cosmos in The Architecture of Creation
in the Universe, to biology in The Architecture of Life, to a coupled planet in The Architecture of Earth, to
thermodynamics in The Architecture of Entropy and to human societies in The Architecture of Civilization.
A Unified Architecture of Reality compared all of these domains.

Every one of those reports relied on mathematics: power laws, conservation laws, differential equations,
networks, probability distributions and scaling relations. None of them asked why that reliance was
justified. This report does. It examines the question that sits underneath the entire series: is mathematics
merely a language humans use to describe reality, or does its success reveal something deeper about
how reality is built?

The report does not presuppose an answer. It connects established mathematical physics with open
philosophical questions and keeps the two apart. It is written for researchers, students and general
readers who have wondered why an equation written on paper can predict where a planet will be in a
century, or why the same curve describes the spread of a rumor, an epidemic and the connectivity of a
random network. Each major claim carries an evidence grade. Analogies are labeled as analogies,
philosophical positions are labeled as positions, and the report's own propositions are labeled as
hypotheses.

How to read this report

Each section starts on a new page and can be read on its own. The report has four parts (Figure 1).
Sections 1 to 3 set out the question, review what philosophers, physicists and mathematicians have said
about it, and state a framework of seven layers through which mathematics meets the world. Sections 4
to 10 work through those layers one at a time: numbers, geometry, symmetry, dynamics, scaling,
probability and, finally, the philosophical question of why any of it works. Sections 11 to 13 test the
report's central hypothesis with original calculations, state ten testable propositions and examine the limits
of mathematical modeling. Sections 14 and 15 draw out implications for the rest of the series and give the
report's verdict.

H Heuristics - Research Report - October 2026 7
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Figure 1. The structure of the report. Three foundational sections establish the question and the framework, seven
sections examine the layers of mathematical description, three test and bound the central hypothesis, and two draw

conclusions.
Source: H Heuristics.

Blue underlined text is a hyperlink. Where a specific result is cited, links go to the DOI record of the
primary literature. Where a concept is introduced, links go to a reference article, usually the Stanford
Encyclopedia of Philosophy for philosophical positions and Wikipedia for mathematical and physical

concepts. Where a measured value is quoted, links go to the data provider, such as the NIST CODATA
values of the fundamental constants. Every DOI was checked against its registered title before

publication. A full
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reference list follows Section 15.
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Evidence grades

Claims are graded on the same four-level scale used throughout the series.

Table 1. Evidence grades used in this report

m Meaning Example from this report

A: Established Proven mathematically, or confirmed repeatedly by Continuous symmetries of a system's
independent measurements to high precision. laws imply conserved quantities
(Noether's theorem)
B: Well supported Strong evidence from several lines of work, with Critical phenomena in very different
unresolved detail or some dissent. materials fall into a small number of

universality classes

C: Plausible or A credible argument and partial evidence; Animal metabolism scales with body
contested specialists actively disagree. mass to the 3/4 power because of the
geometry of branching networks

D: Speculative A hypothesis or philosophical position offered for Physical reality is, at bottom, a
evaluation, labeled as such wherever it appears. mathematical structure

The grade describes the state of knowledge, not the importance of a claim. For philosophical positions, a grade describes how well the
position is supported by argument and by its fit with scientific practice. It is not a measurement, and no position in Section 10 is graded A.

A note on the figures and calculations

The report contains 24 figures and 16 tables. Seventeen figures present calculations made for this report.
They show how small formulas can match arbitrary numbers, and how one constant predicts the
hydrogen spectrum. They compute the relativistic clock corrections behind GPS and the symmetry
prediction of the Omega-minus particle. They cover period doubling and the Feigenbaum constant;
sensitive dependence in the Lorenz system; the compressibility of all 256 elementary cellular automata; a
phase transition in the Ising model; fractal dimension; the testing of power laws; and leaf packing at the
golden angle. They also cover the central limit theorem; the emergence of the Boltzmann—Gibbs
distribution from random exchange; Kepler's third law across nine bodies; one equation shared by
networks, epidemics and family lines; Fourier epicycles; and the historical lag between mathematical
invention and physical application. Each caption says what was computed and with what assumptions.
The other figures are diagrams drawn for this report. The code was written in Python and every number
quoted from it in the text can be regenerated.

How to cite

Hughes, H. (2026). The Mathematical Architecture of Reality: Numbers, Geometry, Symmetry, Dynamics
and the Question of Why Mathematics Describes the World. H Heuristics Research Report, Architecture
of Creation series. The report synthesizes published research and presents original calculations and
propositions, which are labeled as such.
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Executive Summary

Abstract

Mathematics describes the physical world with a precision that has no parallel in human knowledge. A
theory written in the 1940s predicts the magnetic moment of the electron to about one part in a trillion.
Equations Einstein wrote in 1915 are corrected for in every GPS receiver on Earth. A symmetry argument
written on a blackboard in 1962 predicted the mass of a particle no one had seen to within 1 per cent.
This report examines why. It organizes the meeting of mathematics and reality into seven layers: numbers
and fundamental relationships; geometry and the structure of space; symmetry and conservation;
equations and dynamical systems; scaling, fractals and recurring patterns; probability, information and
emergence; and the philosophical question of why mathematics describes reality at all. It distinguishes
five kinds of mathematical claim, from exact identities to superficial analogies, because much confusion
about mathematics and nature comes from treating them as equivalent. It evaluates three major
positions: mathematics as a descriptive language, as a discovery of objective structure, and as the
foundation of reality itself. It proposes and tests a Mathematical Architecture Hypothesis using seventeen
original calculations. The report concludes that the evidence best supports the middle position.
Mathematics is a human practice, but its most successful structures capture objective features of the
world, above all symmetries, invariants and the ways that many interacting parts produce collective
behavior. The stronger claim that reality is mathematics remains a philosophical proposal, not a scientific
result.

The question

The defining question is whether mathematics is merely a language humans use to describe reality, or
whether its effectiveness reveals something deeper about the structure of reality itself. In 1960 the
physicist Eugene Wigner called the success of mathematics in physics unreasonable and a gift that we
neither understand nor deserve. Sixty-six years later the puzzle remains. Mathematical structures
invented for their own sake, such as complex numbers, curved geometries and abstract groups, have
repeatedly turned out to describe physical phenomena discovered decades or centuries later. The report
asks why, and what kind of evidence could settle the matter.

The defining question. Is mathematics merely a language humans use to describe reality, or does
the effectiveness of mathematics reveal something deeper about the structure of reality itself?

The thesis

The report's thesis is that mathematics succeeds for several different reasons, and that separating them
dissolves much of the mystery while leaving a real residue. Part of the success is selection: scientists
choose problems that mathematics can handle and choose mathematics that fits their problems. Part is
compression: the regularities of nature are compressible, and mathematics is the most powerful
compression scheme humans have built. Part is universality: when many parts interact, the collective
behavior often depends on only a few structural features, so very different systems obey the same
equations. The residue is that the deepest structures, such as symmetry, curvature and the rules of
probability, keep surviving the replacement of one physical theory by another. That survival is best
explained if they capture something real.

H Heuristics - Research Report - October 2026 10
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Central hypothesis. The Mathematical Architecture Hypothesis: across different domains of reality,
mathematical structures may provide a common framework for identifying constraints, describing
interactions, explaining emergent patterns and predicting system behavior, even when the underlying
physical mechanisms differ.

Principal findings

1.

Mathematics predicts, not just describes (Grade A). A single fitted constant reproduces ten visible
lines of the hydrogen spectrum to within 5 parts per million, including six lines it was not fitted to
(Figure 5). Equal mass spacing in an SU(3) symmetry pattern predicted the Omega-minus mass at
about 1,684 MeV; it was found in 1964 at 1,672 MeV (Figure 9). Relativity predicts that GPS satellite
clocks gain 38.4 microseconds a day, and without the correction positions would drift by about 11.5
km a day (Figure 7). Across twelve historical cases, the median lag between a piece of mathematics
and its first major physical use was 86 years (Figure 3).

But numerical coincidence is cheap (Grade A). With fewer than 60,000 formulas built from small
powers of 2, 3, 5, T and e, 55 per cent of randomly chosen numbers can be matched to within 0.01
per cent. One such formula gives the inverse fine-structure constant to 0.012 per cent with no
physical meaning at all (Figure 6). Numerical agreement without mechanism is weak evidence.

Symmetry is the deepest recurring structure (Grade A). Noether's theorem shows that every
continuous symmetry of a system's laws implies a conserved quantity: time symmetry gives energy,
spatial symmetry gives momentum, rotational symmetry gives angular momentum and phase
symmetry gives electric charge (Figure 8). The Standard Model of particle physics is specified largely
by its symmetry groups.

Compact rules generate unbounded complexity (Grade A). The logistic map, one line of algebra,
passes from stability through period doubling to chaos. The ratio of successive doubling intervals
converges to the Feigenbaum constant 4.6692, which also appears in fluids and electronic circuits
(Figure 10). Of the 256 simplest one-dimensional cellular automata, 202 produce highly ordered
patterns, 32 intermediate structure and 22 output that no standard compressor can shrink (Figure
12). In the Lorenz system each tenfold gain in measurement precision buys only about 2.6 more time
units of forecast (Figure 11).

Recurrence across domains has a mathematical cause, universality (Grade A-B). A simulated
lattice of magnetic spins reproduces Onsager's exact solution, and magnets and simple fluids share
critical exponents despite having nothing physical in common (Figure 13). One fixed-point equation,
S =1 - e, predicts the giant component of random networks, the final size of epidemics and the
survival of family lines to within 0.02 (Figure 21).

Many claimed universal patterns fail testing (Grade B). A lognormal sample gives a log-log plot
with R = 0.96, which looks like a power law, yet a likelihood-ratio test rejects the power law with p <
107?" (Figure 15). The 3/4 scaling of metabolism with body mass is contested; the golden ratio's
supposed ubiquity in art and anatomy is largely myth; the golden angle in plant growth is real and
has a physical mechanism (Figure 16).

Probability turns microscopic chance into macroscopic law (Grade A). Averages of a highly
skewed quantity converge to the normal curve at the rate the central limit theorem predicts (Figure
17). Random exchanges of a conserved quantity turn equal shares into the exponential Boltzmann—
Gibbs distribution within a few rounds, reaching the maximum-entropy state (Figure 18).

Fit is not explanation (Grade A). With 51 Fourier epicycles one can trace the outline of the letter H
to within 0.4 per cent (Figure 23). Any sufficiently flexible mathematics can fit any data. The test of a

H Heuristics - Research Report - October 2026 11
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mathematical description is compression and novel prediction, not agreement with what it was built to
fit.

. The evidence favors mathematics as a discovery of structure (Grade C). Of fifteen cross-domain

mathematical correspondences scored in this report, seven earn an A: they share mathematics and

mechanism, fit quantitatively and have produced confirmed predictions across domains. Five are
graded C or D, resemblances rather than unifications (Figure 22). The pattern supports structural
realism: mathematics captures relations that are really there, and its success is greatest where
systems share a structure rather than a substance (Figure 24).

The verdict

Mathematics is neither merely a language nor demonstrably the substance of reality. The evidence
assembled here supports a conditional answer. Mathematics is a human invention in its notation, its
choice of problems and its standards of proof. But its most successful structures, the symmetries and

conservation laws, the geometry of spacetime, the universality classes of collective behavior and the laws

of probability, are not arbitrary. They survive changes of theory, predict phenomena no one had
observed, and recur in systems that share nothing but their structure. That is what one would expect if
they capture objective features of the world. Whether the world is made of mathematics is a further
question. It may be meaningful, but it is not one that present evidence can decide, and the report does
not treat it as settled.

In one sentence. Mathematics works because the world has structure that can be compressed,
shared across systems and preserved through change, and the most successful mathematics is the
discovery of that structure, not merely a description of it.
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0 1 INTRODUCTION

1. Introduction

1.1 An equation that knew where to look

In the summer of 1846 the French mathematician Urbain Le Verrier sent a letter to the Berlin
Observatory. Uranus, discovered sixty-five years earlier, was not following the orbit that Newton's law of
gravitation predicted. Le Verrier had assumed that an unseen planet was pulling it off course and had
worked backwards, through months of hand calculation, to where that planet must be. On the night the
letter arrived, Johann Galle pointed a telescope at the position Le Verrier gave and found Neptune within
about one degree of the prediction. No one had seen the planet before. Its existence and location had
been deduced from an inverse-square law and a discrepancy in a column of numbers.

Episodes like this are the reason this report exists. Mathematics is not only a convenient shorthand for
observations already made. Again and again it has pointed to things no one had observed: a planet, an
antiparticle, a wave in the fabric of spacetime, a particle with a specific mass. In 1928 Paul Dirac wrote
down an equation for the electron that combined quantum mechanics with special relativity. Its
mathematics had solutions that seemed to describe electrons with negative energy. Dirac eventually
interpreted them as a new particle with the electron's mass and opposite charge. Carl Anderson found
that particle, the positron, in cosmic-ray tracks in 1932. The equation had been more intelligent than its
author.

The puzzle is easy to state and hard to resolve. Mathematics is developed by people at desks, guided by
internal standards of rigor, generality and elegance. The physical world is not obliged to respect any of
those standards. Yet the structures mathematicians find elegant keep turning out to be the structures
nature uses. This report examines that puzzle as the foundation of the Architecture of Creation series, all
of whose reports describe the universe, life, Earth and civilization in mathematical terms.

1.2 The central question

Central question. Is mathematics merely a language humans use to describe reality, or does the
effectiveness of mathematics reveal something deeper about the structure of reality itself?

The question has three parts, and each calls for a different kind of evidence.

1. Scope. Where, exactly, does mathematics succeed, and where does it fail? Its success in
fundamental physics is extraordinary. Its success in biology, ecology and economics is real but more
modest. A serious answer has to explain this gradient, not just the triumphs.

2. Mechanism. Why does it succeed where it does? Possible answers include the selection of tractable
problems, the compressibility of physical regularities, the existence of universality classes, the
evolutionary origins of human cognition, and the possibility that physical structure simply is
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mathematical structure. These are not mutually exclusive, and their relative weight is the main
empirical question.

3. Interpretation. What does that success imply about reality? Here the question becomes
philosophical. The report evaluates three positions: that mathematics is a descriptive language, that it
discovers objective structure, and that it is the foundation of reality. It asks which position best
explains the evidence of scope and mechanism.

The report organizes the evidence into seven layers, from numbers to interpretation, introduced in
Section 3. The layers follow the order in which mathematics meets the world. Numbers measure
quantities. Geometry relates positions. Symmetry identifies what stays the same. Equations describe
change. Scaling relates the large to the small. Probability links many parts to collective behavior.
Interpretation asks why any of this works.

1.3 The Mathematical Architecture Hypothesis

The report's organizing proposition is stated as a hypothesis, not a conclusion.

The Mathematical Architecture Hypothesis. Across different domains of reality, mathematical
structures may provide a common framework for identifying constraints, describing interactions,
explaining emergent patterns and predicting system behavior, even when the underlying physical
mechanisms differ.

The hypothesis is deliberately modest in one respect and ambitious in another. It is modest because it
says may, and because it does not claim that reality is made of mathematics. It is ambitious because it
claims more than that mathematics is a convenient notation. If mathematical structures provide a
common framework across domains with different mechanisms, then the structure is doing explanatory
work that the mechanisms are not. The same equation would then explain why a disease spreads, why a
network holds together and why a surname survives, not as a metaphor but as a result.

That claim is testable. The important test, which this report applies in Section 11, is whether a shared
mathematical structure yields new explanations or predictions in a domain, rather than simply allowing
different phenomena to be described in similar terms. A framework that only renames things is a
vocabulary. A framework that predicts is a theory.

1.4 Five kinds of mathematical claim

Much confusion about mathematics and reality comes from treating very different kinds of claim as if they
were the same. A statement that the golden ratio appears throughout nature and a statement that energy
is conserved are both mathematical statements about the world. They are not remotely equal in standing.
This report distinguishes five kinds of claim, shown as a ladder in Figure 2.
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KIND OF CLAIM

Exact mathematical
identity

Established physical
Y

Empirical regularity

Approximate model

HOW IT CAN FAIL

True by proof; cannot fail
empirically, only be
misapplied.

Tested across wide ranges;
fails only at known limits.

Holds in data, with a
mechanism partly understood or
debated.

Useful idealization; valid
within a stated domain.

The Mathematical Architecture of Reality

EXAMPLES

Euler's identity; the same fixed-
point equation for networks and
epidemics

Maxwell's equations; general
relativity; conservation of energy

Kleiber's 3/4 scaling; Zipf's law
for cities; Benford's law

Logistic growth, the SIR model;
the Lorenz equations; ideal gases

TYPICAL
GRADE

(&)

®

strength of the claim that mathematics captures the world

Shared form without shared
mechanism or new predictions.

The golden ratio in art and
markets; 'everything is a fractal'

Structural analogy

®

Figure 2. A ladder of mathematical claims. The higher the rung, the stronger the claim that mathematics has
captured something about the world, and the more severe the tests it has passed. Many disputes about whether
'nature is mathematical' arise from moving examples between rungs without noticing.

Source: H Heuristics. Typical grades follow the scale in Table 1; individual claims on each rung can be graded higher or lower.

+ Exact mathematical identities are true by proof. That the same fixed-point equation governs
random networks and epidemics, once both are idealized in the same way, is an identity. It cannot be
refuted by experiment, only misapplied.

- Established physical laws, such as Maxwell's equations and conservation of energy, are

mathematical statements that have survived exacting tests across enormous ranges of conditions
and fail, if at all, only at known limits.

- Empirical regularities, such as Kleiber's law that metabolic rate scales roughly with body mass to
the 3/4 power, hold in data but have mechanisms that are partly understood or disputed.

- Approximate models, such as logistic population growth or the SIR model of epidemics, are
deliberate idealizations, useful within a stated domain and known to be wrong outside it.

« Structural analogies note that two phenomena share a mathematical form without sharing a
mechanism and without yielding new predictions. Claims that the golden ratio governs art, anatomy
and financial markets usually belong here, and often fail even as analogies.

The ladder matters for the central question. If mathematics only described reality at the lower rungs, the
descriptive-language view would be adequate. The challenge to that view comes from the top two rungs,
where mathematics predicts with a precision and reach that mere description does not obviously explain.

1.5 What would count as an answer

The question cannot be settled by a single experiment, but it is not beyond evidence. Each position
makes different bets. If mathematics is only a language, one would expect its success to track human
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interest and effort: the problems we care about most and study hardest should be the best described.
One would also expect mathematical structures to be replaced when theories change, as vocabularies
are. If mathematics discovers objective structure, one would expect certain structures to survive theory
change, to predict phenomena in advance and to recur in unrelated systems that share an abstract
organization. If reality is mathematical at bottom, one would expect, in addition, no physical feature that
resists mathematical description in principle. One might also expect evidence bearing on the existence of
other mathematical structures realized as other universes, although no one has said how such evidence
could be obtained.

The report therefore looks for four kinds of evidence: the precision of mathematical predictions, their
novelty (whether they predicted unseen phenomena), their survival across theory change, and their
transfer across domains with different mechanisms. It also looks for the counter-evidence: domains where
mathematics persistently underperforms, coincidences that look meaningful but are not, and results
showing that some questions about physical systems cannot be answered mathematically at all.

1.6 Method and scope

The report combines three methods. First, it synthesizes the literature in physics, mathematics, the
philosophy of science and the cognitive science of number. Second, it presents seventeen original
calculations, each designed to illustrate one claim cleanly and to quantify it where possible. They are not
new physics. They are worked examples that let a reader see, for instance, how fast numerical
coincidences accumulate, or how closely three different systems follow one equation. Third, it applies the
grading scale of the series and states explicitly which claims are established and which are open.

The report concentrates on the physical and natural sciences, with briefer attention to biology, ecology
and social systems. It does not attempt a history of mathematics or a technical survey of the philosophy
of mathematics; it draws on both where they bear on the central question. It treats mathematics as
including the formal sciences of probability, information and computation, because these have become
indispensable to describing the natural world.
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02 LITERATURE REVIEW

2. Literature Review: Why Mathematics
Works

2.1 Number as the nature of things

The idea that reality is fundamentally mathematical is older than science. The Pythagoreans of the sixth
century BCE discovered that musical harmonies correspond to simple ratios of string lengths, 2:1 for the
octave and 3:2 for the fifth, and concluded that number is the principle of all things. Plato placed
mathematical forms in a realm more real than the physical world. Euclid's Elements showed that a few
axioms could generate hundreds of theorems about space, and for two thousand years Euclidean
geometry was taken to be the necessary structure of the physical world.

The scientific revolution turned this conviction into a method. Johannes Kepler spent years fitting Mars's
motion to circles before accepting an ellipse, a curve Apollonius had studied eighteen centuries earlier.
Galileo argued that the book of nature is written in the language of mathematics, its characters triangles,
circles and other geometric figures. Newton's Principia (1687) derived Kepler's laws, the tides and the
precession of the equinoxes from three laws of motion and one law of gravitation. From then on, the
success of mathematical physics became the model for what a mature science should look like.

Two later developments complicated the picture. In the nineteenth century, Gauss, Bolyai, Lobachevsky
and Riemann showed that non-Euclidean geometries are logically consistent. Euclidean geometry was
therefore one option among several, and which one describes physical space became an empirical
question. Einstein's general relativity answered that space is not Euclidean at all. In the twentieth century,
Godel's incompleteness theorems and Turing's analysis of computation showed that mathematics itself
has intrinsic limits. No consistent formal system rich enough for arithmetic can prove every true statement
about numbers, and no algorithm can decide every mathematical question.

2.2 Wigner's puzzle

The modern debate begins with a 1960 lecture by Eugene Wigner, published as The Unreasonable
Effectiveness of Mathematics in the Natural Sciences. Wigner made two observations. First,
mathematical concepts developed for purely internal reasons, because mathematicians found them
beautiful or natural, often turn out to apply to physics. Complex numbers and Hilbert spaces, for example,
became the language of quantum mechanics. Second, the laws formulated with these concepts are often
accurate far beyond the evidence that suggested them. Newton's law of gravitation was based on rough
observations, yet it proved accurate to better than one part in ten thousand. Wigner offered no
explanation and suggested that perhaps none exists.
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Wigner's essay has been criticized for sampling only successes and for underestimating how much
mathematics is shaped by physics. Calculus, Fourier analysis and much of probability were developed to
solve physical problems, so it is less surprising that they apply. But the core observation survives.
Riemann's geometry, Cartan's spinors and Galois's groups were not developed for physics, and the
precision of the best physical theories goes far beyond what the data used to formulate them would
warrant.

2.3 Hamming's four explanations

Twenty years later the mathematician Richard Hamming returned to Wigner's question in an essay of the
same title. He proposed four partial explanations, each still central to the debate.

1. We see what we look for. Much of what we observe is shaped by the instruments and concepts we
bring. Hamming argued that some apparent laws are consequences of how quantities are defined.
For example, if gravitation did not follow an inverse-square law in three dimensions, energy would
not be conserved in the way it is defined.

2. We select the kind of mathematics to use. When one mathematical tool fails, scientists reach for
another. Scalars gave way to vectors and then to tensors. The fit between mathematics and nature is
partly the result of a long search through mathematical options.

3. Science answers comparatively few problems. Mathematics has been strikingly successful in
physics and much less so in biology, psychology and economics. The success rate is inflated by
attention to the domains where it works.

4. The evolution of humans provided the model. Brains that track quantities, distances and causes
would have survived better. Mathematics may extend capacities that evolved because they matched
the structure of the environment.

Hamming concluded that these explanations together were not enough. That remains the honest
summary. Each explanation removes part of the surprise, but none explains why an abstract structure
such as a Lie group, chosen for internal mathematical reasons, should predict the mass of a particle.

2.4 Mathematics ahead of observation

The most persuasive evidence that mathematics does more than describe is the record of predictions
made before the phenomena were observed. Table 2 lists some of the most important. In each case the
mathematics was not fitted to the phenomenon it predicted; the phenomenon was unknown when the
mathematics was done.
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Table 2. Phenomena predicted mathematically before they were observed

Prediction Mathematical basis Predicted Observed

Neptune Perturbations of Uranus under Le Verrier, 1846  Galle, 1846 Weeks
Newton's inverse-square law

Electromagnetic Maxwell's equations admit waves Maxwell, 1865 Hertz, 1887 22 years

waves travelling at 1/V(ug€,), the measured
speed of light

Expanding universe Solutions of Einstein's field equations ~ Friedmann Hubble, 1929 7 years
for a homogeneous universe 1922

Positron (antimatter) Negative-energy solutions of the Dirac, 1928-31 Anderson, 1932 1-4
Dirac equation years

Omega-minus particle Equal mass spacing in the SU(3) Gell-Mann, 1962 Barnes et al., 1964 2 years

and its mass decuplet

Higgs boson Spontaneous breaking of gauge Higgs, 1964 ATLAS and CMS 48 years
symmetry 2012

Gravitational waves Wave solutions of linearized general Einstein, 1916 LIGO, 2015 99 years
relativity

Black-hole shadow Photon orbits in the Schwarzschild Schwarzschild, EHT, 2019 103
and Kerr solutions 1916 years

Lags measured from the first clear mathematical prediction to the first published detection. Dirac initially identified the new solutions with the
proton and proposed a new particle only in 1931.

A second kind of anticipation is less dramatic but more revealing. Here a piece of mathematics was
developed for internal reasons and found its physical application much later. Figure 3 shows twelve such
cases. The lag ranges from 15 years, for the spinors Elie Cartan described in 1913 and Dirac used in
1928, to about 1,800 years for the conic sections Apollonius studied around 200 BCE and Kepler used in
1609. The median is about 86 years. In none of these cases was the mathematician trying to describe the
phenomenon to which the work later applied.
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Mathematics often arrives first: the lag between idea and application
from ¢. 200 BCE Kepler

Conic sections — planetary orbits =~ = @ 1,809 yrs
Bombelli Schrédinger
Complex numbers — quantum mechanics ® ® 354 yrs
Euler RSA
Modular arithmetic — public-key cryptography ° ® 214 yrs
Pascal & Fermat Maxwell
Probability — statistical mechanics [ ] (2] 206 yrs
Galois Gell-Manr
Group theory — particle classification [ ] @ 129 yrs
Poincaré TKNN
Topology — topological phases of matter @ @ 87 yrs
Boole Shannon
Boolean algebra — digital circuits @ ® 84 yrs
Cayley Heisenberg & Borr
Matrix algebra — matrix mechanics o ® 67 yrs
Riemann Einsteir
Riemannian geometry — general relativity ® 61yrs
Radon Hounsfiel
Radon transform — CT scanning [ ] @ 54 yrs
Cartan ac
Spinors — the Dirac electron ® o 15yrs
Ricci & Levi-Civita Einsteir
Tensor calculus — general relativity [ ) 15yrs
T T T T T T
1500 1600 1700 1800 1900 2000
@ mathematics developed @ first major physical or technological use

Figure 3. Mathematics often arrives first. For twelve major cases, the bar runs from the development of a
mathematical idea (blue) to its first major physical or technological application (orange). The median lag is about 86
years.

Source: H Heuristics, from standard histories of mathematics and physics. Dates are conventional milestones (for example, Bombelli's 1572
algebra for complex numbers and Schrédinger's 1926 wave equation) and are rounded; earlier precursors exist for several cases.

These cases cannot by themselves establish that mathematics discovers structure. Mathematicians
produce vast amounts of mathematics, and only a fraction is ever applied. A skeptic can argue that with
enough mathematics on the shelf, something will always fit. Section 4 shows that this argument has real
force for single numbers. It has much less force for structures such as Riemannian geometry, which were
not merely found to fit but turned out to predict new effects that were then measured.

2.5 The philosophy of mathematics

Philosophers have offered several accounts of what mathematical objects are, and each implies a
different explanation of mathematical success. The philosophy of mathematics is a large field; four
positions matter most here.

+ **Platonism** holds that mathematical objects such as numbers, sets and groups exist independently
of human minds, outside space and time, and that mathematicians discover rather than invent them.
Platonism makes the objectivity of mathematics easy to explain but makes it hard to explain how
physical beings could know anything about non-physical objects, or why such objects should bear on
physical events.

« **Formalism** holds that mathematics is the manipulation of symbols according to rules, with no
subject matter beyond the rules themselves. Formalism makes mathematical knowledge
unmysterious, but on its face makes applicability a coincidence: why should a rule-governed game
predict the orbit of Neptune?

» **FEictionalism and nominalism* hold that mathematical objects do not exist and that mathematical
statements are, strictly, false or meaningful only within a story. Hartry Field's Science Without
Numbers* (1980) tried to show that Newtonian gravitation can be stated without reference to
numbers, so mathematics is a convenient but dispensable shortcut. The program has not been
extended to quantum mechanics or general relativity.
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**The indispensability argument**, associated with Quine and Putnam, argues in the opposite
direction. We should believe in the entities that our best scientific theories require. Those theories
require mathematical entities, so we should believe in mathematical entities. Recent work by Baker,
Batterman and Lange strengthens the argument by identifying mathematical explanations of physical
facts: explanations in which the mathematics, not a causal mechanism, does the explaining.

Baker's example has become a classic. Periodical cicadas in North America emerge every 13 or 17
years, and both are prime numbers. A prime-numbered cycle minimizes how often the cicadas coincide
with predators or competitors that have shorter cycles. The primality of the period is part of why it was
favored by selection. If that explanation is right, a fact about numbers explains a fact about insects.

2.6 Structural realism

A different approach comes from the philosophy of science. In 1989 John Worrall proposed structural
realism as the best of both worlds in the debate about scientific realism. The pessimistic induction notes
that successful theories of the past, such as the ether theory of light, were later rejected. That suggests
our current theories will be rejected too, so we should not believe what they say about unobservable
things. Worrall observed that when theories are replaced, their mathematical structure is often retained.
Fresnel's equations for the reflection and refraction of light, derived from an ether that does not exist,
survive intact in Maxwell's electromagnetic theory. What survives, and what we should therefore believe,
is the structure.

James Ladyman's ontic structural realism goes further, arguing that structure is all there is: relations are
fundamental, and objects are nodes in a pattern of relations. The idea draws support from quantum
mechanics, where particles of the same type lack individual identity, and from the central role of symmetry
groups in physics. Structural realism is attractive for this report because it offers a middle path between
mathematics as language and mathematics as substance. On this view, mathematics is the study of
possible structures, and physics discovers which structures are instantiated.

2.7 Mathematics and the mind

A third line of evidence concerns the origins of mathematical thinking. Infants and many animals can
discriminate small quantities and estimate larger ones. Experimental work identifies two core systems of
number: one for exact small numbers up to about three or four, and one for approximate magnitudes
whose precision declines with size. Single neurons in the primate brain respond selectively to particular
numbers of items, a neuronal code for number shared across species. Lakoff and Nufez's Where
Mathematics Comes From (2000) argued that higher mathematics is built from metaphors grounded in
bodily experience, such as collections of objects and motion along a path.

This research supports Hamming's fourth explanation. Human mathematics begins with capacities that
evolved because they tracked real features of the environment. But it cannot explain the reach of
mathematics far beyond anything ancestral humans encountered. Evolution can explain why we can
count apples; it is a stretch to say it explains why the representation theory of SU(3) predicts the Omega-
minus.

2.8 The mathematical universe

At the far end of the spectrum, Max Tegmark's Mathematical Universe Hypothesis proposes that our
external physical reality is a mathematical structure. It is not merely described by one. Tegmark argues
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that a complete description of reality must be free of human concepts, and the only such descriptions are
mathematical. If a mathematical structure is complete and contains self-aware substructures, those
substructures will experience it as a physical world. Tegmark adds that all mathematical structures may
exist in a similar way, forming an ultimate multiverse.

The hypothesis has the virtue of answering Wigner's question in one step: mathematics works because
there is nothing else. Critics raise serious objections. The hypothesis may not be testable. It faces a
measure problem, because there is no natural way to weigh infinitely many structures. And Godel's
results suggest that many mathematical structures cannot be fully specified. Tegmark has responded by
restricting the hypothesis to computable structures. Section 10 evaluates these arguments. For now it is
enough to note that the hypothesis is a philosophical proposal, not a result of physics, and that most
physicists and philosophers do not accept it.

2.9 What the literature establishes

The literature supports several conclusions that can be held with confidence, and leaves the central
question open.

Mathematics has repeatedly predicted unobserved phenomena, sometimes with extraordinary
precision. This is a historical fact, not an interpretation (Grade A).

Selection effects, the shaping of mathematics by physics and the evolutionary roots of number
explain part of the effectiveness of mathematics, but not all of it (Grade B).

Mathematical structure is often preserved when physical theories are replaced, while the theories'
claims about what exists are not (Grade B).

Some physical facts appear to have mathematical rather than causal explanations, which bears on
whether mathematics is merely descriptive (Grade C).

No position, from formalism to the Mathematical Universe Hypothesis, has decisive support. The
question is open, and the most productive approach is to ask which position best explains the
specific patterns of mathematical success and failure (Grade B as a description of the field).

The rest of this report pursues that approach. It begins by building a framework for organizing the
evidence.
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0 3 THE THEORETICAL FRAMEWORK

3. The Theoretical Framework

3.1 Seven layers of mathematical reality

The report organizes the meeting of mathematics and the world into seven layers (Figure 4). They are not
levels of physical organization, like particles, atoms and cells. They are levels of mathematical
description, ordered from the most concrete to the most interpretive. Each layer uses the tools of the
layers beneath it, and each has its own characteristic successes, failures and research question.
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from quantity to interpretation: each layer uses the tools of those beneath it

Why mathematics describes
reality

Realism, formalism, structural realism, the
limits of models

Probability, information
and emergence

Probability, statistical mechanics
information, networks

Scaling, fractals and
recurring patterns

Power laws, self-similarity, universality,
allometry

Symmetry and conservation

Invariance, groups, Noether's theorem,
symmetry breaking

Geometry and the structure
of space

Geometry, topology, curvature, dimension,
spacetime

Numbers and fundamental
relationships

Integers, ratios, primes, constants,
quantization

RESEARCH QUESTION

Does mathematical structure
reflect reality or the way minds
organize it?

How does mathematics link micro-
interactions to macro-structure?

Why do some patterns recur across
scales and domains?

How do simple rules produce
unpredictable or organized
outcomes?

Why are symmetries central to
fundamental laws?

How does geometry encode physical
relationships, including gravity?

Why can so many physical
properties be expressed as
numbers?
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The layers are a reading order, not a claim that nature is built in this sequence. Layer VIl asks why the six beneath it work at all.

Figure 4. The seven layers of mathematical reality. Each layer has a characteristic research question and a

mathematical signature. The six lower layers concern how mathematics describes the world; the seventh asks why it
can.
Source: H Heuristics. The value of the inverse fine-structure constant is the CODATA 2022 recommended value.
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Numbers and fundamental relationships. Integers, ratios, primes and constants provide the

foundations of quantitative description. The research question is why so many physical properties
can be expressed through numerical relationships, and why some of those numbers, such as the
fine-structure constant, take the values they do.

Geometry and the structure of space. Geometry, topology, curvature and dimension describe the
shape of space and the relations between physical objects. The question is how geometry encodes
physical relationships, including gravitation, which general relativity identifies with the curvature of

spacetime.
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3. Symmetry and conservation. Transformations that leave a system unchanged, the groups they
form and their connection to conservation laws. The question is why symmetries are so central to the
formulation of fundamental laws.

4. Equations and dynamical systems. Differential equations, nonlinear dynamics, stability, chaos and
phase transitions. The question is how relatively simple rules produce unpredictable or highly
organized outcomes.

5. Scaling, fractals and recurring patterns. Power laws, self-similarity, branching structures and
scaling relations in physical, biological and ecological systems. The question is why certain patterns
recur across scales and domains.

6. Probability, information and emergence. Probability theory, statistical mechanics, information
theory and network science. The question is how mathematics connects microscopic interactions to
macroscopic structure.

7. Why mathematics describes reality. Mathematical realism, formalism, structural realism and the
limits of scientific models. The question is whether the mathematical structure of our best theories
reflects the underlying nature of reality, or the way human minds organize observations.

3.2 The central connections

Across the layers, a small number of mathematical principles do most of the explanatory work. Table 3
lists them, with their main physical applications, their broader significance and the report's assessment of
how firmly each connection is established. The connections are not all equivalent. Some are deeply
established mathematical relationships. Others are useful analytical frameworks whose applicability
depends on the system being studied.
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Table 3. The central connections between mathematical principles and physical reality

Mathematical
principle

Physical application

Broader significance

Status

Symmetry

Differential
equations

Optimization

Probability and

statistics

Network theory

Scaling laws

Information theory

Fundamental interactions;
conservation laws

Motion, fields, fluid dynamics

Physical equilibria; some
biological processes

Quantum measurement;
statistical mechanics

Cosmic structure,
ecosystems, infrastructure

Critical phenomena;
biological networks

Communication,
computation, inference;
thermodynamics

Identifying invariant
properties

Predicting how systems
evolve

Explaining constrained
configurations

Connecting uncertainty to
observable patterns

Understanding connectivity
and resilience

Relating behavior across
scales

Quantifying uncertainty and
information

Proven theorem A
(Noether) and the
organizing principle of

the Standard Model

Universal language of A
physical law; solutions
may be intractable

Exact in mechanics
(least action);
approximate and
contested in biology

Exact rules; A
interpretation of

quantum probability
debated

Exact for idealized B
graphs; real networks
often depart from
models

Exact near critical A-C
points; empirical and

often overstated

elsewhere

Proven theorems; A
physical link confirmed

by experiment

(Landauer)

Adapted from the H Heuristics research brief for this report, with status and grades added. Ranges such as A—C indicate that the principle is
exact in some applications and contested in others.

3.3 Four reasons mathematics might succeed

The literature reviewed in Section 2 suggests four distinct mechanisms by which mathematics could come
to describe reality well. The framework keeps them separate because they make different predictions,
and because they are compatible: all four may operate at once, with different weights in different layers.

1. Selection. Scientists choose problems that mathematics can solve, and choose mathematics that fits
their problems. This mechanism predicts that mathematical success will be concentrated where
research effort has been concentrated, and that it will be weaker in domains that resist simplification.
Both predictions are borne out to some degree.

2. Compression. Nature contains regularities, and mathematics is a way of compressing regularities
into short descriptions. If a phenomenon is regular, some mathematical description of it will be
shorter than a list of observations. This mechanism predicts that mathematics will succeed exactly
where nature is compressible and fail where it is not, as in chaotic or historically contingent systems.

3. Universality. When many components interact, the collective behavior often depends only on a few
structural features, such as dimension, symmetry and the range of interactions, and not on
microscopic details. This mechanism predicts that the same mathematics will recur in systems with
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completely different components, and that the recurrence will be quantitatively exact in the
appropriate limit.

4. Structural correspondence. Mathematical structures and physical structures may share a form
because the physical world has objective relational structure, and mathematics is the systematic
study of possible relational structures. On the strongest version, there is no difference between the
two. This mechanism predicts that mathematical structure will survive theory change and will predict
phenomena in advance.

The first mechanism supports the descriptive-language view. The fourth supports the discovery or
foundation views. The second and third are the most interesting, because they are not merely
philosophical. Compression and universality are themselves mathematical facts about the world, and they
can be measured. Sections 4 to 9 track all four mechanisms layer by layer, and Section 11 tests them.

3.4 A formal statement

The compression mechanism can be stated precisely using the minimum description length principle,
which has roots in algorithmic information theory. Let D be a body of observations, M a mathematical
model and L a description length in bits. A model explains data, in the compression sense, when
describing the model plus the data's deviations from it takes fewer bits than describing the data directly:

L(M) + L(D | M) < L(D) (1)
The ratio of the two sides measures how much the model compresses the data:
K = L(D)/[LM) + L(D [ M) ] (2)

A law of nature is a model with very large k across a very wide range of D. Newton's law of gravitation, a
single line, compresses centuries of planetary positions, the tides and the trajectories of spacecraft. A
curve fitted to a single data set with as many parameters as data points has k close to 1 and explains
nothing, however well it fits. Section 13 shows this concretely with epicycles.

The universality and transfer mechanisms need a second statement. Let a structure M be fitted in domain
A and then applied without refitting to domain B, whose mechanism is different. Let eg(M) be its prediction
error in B, and eg(null) the error of the best domain-specific model with the same number of free
parameters. The structure transfers if:

€s(M) < ep(null) with no parameters refitted in B (3)

This is the operational form of the Mathematical Architecture Hypothesis. A shared structure that merely
allows both domains to be described in similar language will not satisfy condition (3), because its
parameters must be refitted for each domain. A shared structure that captures something real about how
both domains are organized will satisfy it. Section 11 applies this test to fifteen cross-domain
correspondences.

3.5 Relation to the series framework

The foundational report of the series described a creation structure: constraints that define a space of
viable forms, generative processes that explore it, and filters that select what persists. The seven layers
map onto this structure in a natural way.
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Constraints are expressed mainly in Layers | to lll. Constants fix scales, geometry fixes what
arrangements are possible, and symmetries fix what must be conserved. These are the mathematics
of what cannot happen.

Generators are expressed mainly in Layers IV and V. Equations of motion and iterated rules
generate trajectories, patterns and structures, and scaling laws describe how generated structures
relate across sizes. These are the mathematics of what does happen.

Filters are expressed mainly in Layer VI. Stability, probability and selection decide which of the
generated possibilities are observed. These are the mathematics of what persists and what is typical.

Layer VII stands outside this structure because it asks about the status of the whole. The Mathematical
Architecture Hypothesis can therefore be restated in the series' terms: the constraints, generators and
filters that shape every domain of creation are themselves mathematical structures, and the same ones
recur across domains.

3.6 What the framework claims and does not claim

The framework claims that mathematical descriptions of the world can be usefully sorted into seven layers
and five kinds of claim. It also claims that four mechanisms of mathematical success can be
distinguished, and that at least two of them, compression and universality, are measurable. It claims that
the Mathematical Architecture Hypothesis has a testable form, condition (3).

It does not claim that reality is built in layers, that every phenomenon has a compact mathematical
description, or that the success of mathematics in physics will extend to all other domains. It does not
assume any of the three philosophical positions. Those are evaluated in Section 10 against the evidence
of the intervening sections.
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04 LAYER | - NUMBERS AND RELATIONSHIPS

4. Layer I: Numbers and Fundamental
Relationships

4.1 The question

Research question. Why can so many physical properties be expressed through numerical
relationships?

The first layer is the most basic: the world can be measured, and measurements stand in numerical
relationships to one another. That is less obvious than it seems. Nothing about a stone requires that its
mass be expressible as a number, or that doubling the stones should double the mass. That physical
quantities behave like numbers under addition, multiplication and comparison is itself a fact about the
world. It is so familiar that it is rarely noticed. This section asks how far that fact extends, which numbers
are fundamental, and how to tell a meaningful numerical relationship from a coincidence.

4.2 From measurement to law

Most physical quantities carry units, and their numerical values depend on human conventions. The
speed of light is 299,792,458 metres per second only because the metre and second are defined that
way; since 2019 the Sl units have been defined by fixing such constants exactly. What does not depend
on convention are dimensionless ratios: numbers that come out the same in any system of units.
Dimensional analysis exploits this. Because a physical law must hold in every unit system, it can be
written as a relation among dimensionless combinations. That alone often fixes the form of a law up to a
constant. The period of a pendulum must scale as the square root of its length divided by the acceleration
of gravity, because no other combination of those quantities has the units of time.

The deepest numerical surprises came with the discovery that some physical quantities are integers. In
1885 Johann Balmer, a Swiss schoolteacher, noticed that the four visible lines of hydrogen then
measured could be described by a single formula with one constant, A = B n?(n* - 4), where n = 3, 4, 5, 6.
Balmer had no physical explanation. Bohr provided one in 1913, and quantum mechanics a more
complete one in 1926: the integers label the allowed energy states of the electron. Figure 5 shows how
well the formula works. Fitting B to the four lines Balmer knew gives B = 364.60 nm. With no further
adjustment, the formula reproduces all ten lines of the series in the chart to within 5.2 parts per million,
including six lines that were not used in the fit.
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Figure 5. One constant predicts the hydrogen spectrum. Visible lines of the Balmer series (a) and the error of
Balmer's one-parameter formula, with the constant fitted to the four lines Balmer had and then used to predict six
more (b). All ten predictions fall within about 5 parts per million.

Source: H Heuristics calculation using standard air wavelengths of the hydrogen Balmer lines from the NIST Atomic Spectra Database. The
small residuals reflect fine structure, the refractive index of air and rounding in the tabulated values.

This is the pattern that makes Layer | more than bookkeeping. A numerical regularity is found empirically,
compresses many observations into a short formula, predicts observations not yet made, and is later
explained by a deeper theory in which the integers turn out to count something physical. In compression
terms, Balmer's formula describes ten wavelengths, each known to six or seven significant figures, with
one number and a rule.

4.3 The fundamental constants

Physics depends on a small set of numbers that no current theory explains. The best known is the fine-
structure constant a, which sets the strength of electromagnetism. Its inverse is about 137.036. It is now
one of the most precisely measured numbers in science, determined from the magnetic moment of the
electron and from the recoil of rubidium and caesium atoms. Theory and experiment for the electron's
magnetic moment agree to about one part in a trillion, a test of quantum electrodynamics carried to five_
loops. The rubidium and caesium measurements themselves disagree at the level of a few parts in ten
billion, an unresolved discrepancy that illustrates how far precision now reaches.
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Table 4. Some dimensionless numbers that characterize the physical world

Explained by current

Quantity Value What it sets theory?

Fine-structure constant, 137.035999 177(21) Strength of electromagnetism; No; a measured input

1/a atomic sizes and spectra

Proton-to-electron mass 1,836.152 673 426(32) Chemistry, molecular structure Partly: proton mass

ratio computed from QCD to a
few per cent; electron
mass is an input

Electric to gravitational = 1.2 x 10% Why gravity is negligible for No

force between two protons atoms but dominant for stars

Cosmological constant in = 1072 The accelerating expansion of No; naive estimates are

Planck units the universe off by ~120 orders of
magnitude

Number of large spatial 3 Inverse-square laws; stable No; but only 3 appears to

dimensions orbits and atoms permit stable orbits
(Section 5)

Free parameters of the About 19 (26 with Masses, mixing angles, coupling  No; all measured

Standard Model neutrino masses) strengths

Values from CODATA 2022 where available; uncertainties in the last digits in parentheses. The proton mass computation is from lattice
QCD; the cosmological constant from Planck 2018.

The table shows the limit of Layer |. Mathematics describes how the constants enter the laws with great
precision. It does not explain why they have the values they do. Some physicists expect a future theory to
derive them. Others suspect that some are environmental, like the distance of Earth from the Sun, taking
different values in different regions of a larger universe. That view gained weight when Steven Weinberg
used an anthropic argument in 1987 to bound the cosmological constant shortly before its measurement.
A review of fine-tuning concludes that many constants could vary considerably without precluding
complex structures, but some could not. The question of why these numbers is open (Grade D for any
specific answer).

4.4 Integers, primes and the structure of number

Number theory, the study of the integers themselves, was long regarded as the purest and least
applicable branch of mathematics. G. H. Hardy took pride in its uselessness. Two developments changed
that. The first was practical: the security of most internet communication rests on the difficulty of factoring
large numbers, using results going back to Euler. The second was physical and far stranger.

The Riemann zeta function encodes the distribution of prime numbers, and the Riemann hypothesis
about its zeros is perhaps the most famous open problem in mathematics. In 1972 Hugh Montgomery
found a formula for the statistical spacing of those zeros, and Freeman Dyson recognized it as the
formula for the spacing of energy levels in heavy atomic nuclei, described by random matrix theory.
Andrew Odlyzko's computations of millions of zeros confirmed the match to high precision. Independently,
Bohigas, Giannoni and Schmit showed that the energy levels of quantum systems whose classical
counterparts are chaotic follow the same statistics. The primes, nuclei and chaotic quantum billiards
share a statistical signature. No one knows why the primes do (the mechanism is open), which is why this
correspondence appears in Section 11 with a B rather than an A.
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A more homely example is Benford's law: in many collections of real-world numbers, such as river areas,
populations and physical constants, the leading digit is 1 about 30 per cent of the time and 9 less than 5
per cent of the time. Theodore Hill gave a statistical derivation in 1995. The law holds for data that are
scale-invariant or that mix many distributions, so its appearance is a consequence of how quantities are
generated, not a property of the numbers themselves. It is a good example of a numerical regularity that
is real, widely observed and fully explained without anything mysterious.

4.5 The numerology trap

The success of formulas like Balmer's invites a dangerous inference: that any striking numerical
relationship must be meaningful. The history of physics contains many counterexamples. Arthur
Eddington, one of the great astronomers of his time, argued in the 1930s that the inverse fine-structure
constant was exactly 136, and then, when measurements improved, exactly 137, by a chain of arguments
that convinced almost no one. In 1971 Armand Wyler published a formula built from 1 and small integers
that matched the then-measured value of a to about a part per million. It had no physical derivation, and it
is now off by many standard deviations.

How surprised should one be by such a match? This report answers with a simple calculation. Consider
all formulas of the form 22 3° 5° 11 €', where a, b and ¢ are integers between -k and k, and d and fare
multiples of one half in the same range. Then ask how often a number chosen at random between 1 and
1,000 lies within a given tolerance of some formula's value. Figure 6 shows the result.

a Small formulas hit arbitrary numbers b 307 formulas land between 130 and 144
100 1 o within 1% 81 1/a = 137,036
—_ —e— within 0.1%
E gy~ within0.01% ®
E —e— within 0, E 6
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2 £
g 60~ ?
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g 20 i
o
od '3 [~ k=4 k=5
LU T L | T L | T T T 0 T I T T T T
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Number of distinct formulas available Value of formula

Figure 6. Numerical coincidence is cheap. Share of 4,000 random target numbers between 1 and 1,000 that can
be matched by a formula 22 3° 5° ¢ ef with exponents up to k in size, by tolerance (a). Values of the k = 3 formulas
between 130 and 144; hundreds lie near 1/a (b).

Source: H Heuristics calculation. Exponents of 2, 3 and 5 are integers from —k to k; exponents of m and e are multiples of 1/2 in the same
range. Targets drawn uniformly in the logarithm.

The results are sobering. With k = 3 there are 57,967 distinct formulas. They match 55 per cent of random
targets to within 0.01 per cent and every target to within 0.1 per cent. With k = 4 the 0.01 per cent match
rate rises to 94 per cent. Among the k = 3 formulas, 307 have values between 130 and 144, and the
closest to 1/a is (3% x 5/2%) e%? = 137.053, which matches the measured value to 0.012 per cent. That
formula means nothing. A precision of 0.01 per cent sounds impressive, but when tens of thousands of
formulas are implicitly searched, it is what chance delivers.

The lesson is not that numerical relationships are unimportant. It is that a numerical match is evidence
only in proportion to how improbable it would be by chance. That depends on the number of formulas that
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could have been tried and on the precision of the match. Balmer's formula passes this test because a
single simple rule predicts many independent numbers to parts per million. Wyler's formula fails because
a single number was matched by one formula out of a very large space. The contrast is a quantitative
version of the difference between the first and fifth rungs of the ladder in Figure 2.

4.6 What numbers explain

Layer | establishes three things. Physical quantities have a numerical structure that supports arithmetic,
which is why measurement works at all (Grade A). Some physical properties are counted by integers,
because quantum mechanics makes certain quantities discrete (Grade A). The fundamental constants
are measured with extraordinary precision, but their values are not explained by any current theory
(Grade A for the measurement, D for any proposed explanation). The layer also teaches the first
methodological lesson of the report. A single numerical coincidence, however precise, is weak evidence.
Mathematics reveals structure when one rule compresses many independent numbers, not when one
number is matched by one of many rules.
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0 5 LAYER Il - GEOMETRY AND SPACE

5. Layer ll: Geometry and the Structure of
Space

5.1 The question
I Research question. How does geometry encode physical relationships, including gravitation?

Geometry began as the measurement of land, and for two thousand years it was regarded as a
description of physical space whose truths were necessary and known in advance. The second layer of
mathematical reality concerns how that conviction collapsed, and how geometry nevertheless became
more central to physics than ever. In modern physics, geometry is not the stage on which events happen.
Itis part of the action.

5.2 From Euclid to curved spacetime

Carl Friedrich Gauss proved in 1827 that the curvature of a surface can be measured entirely from within
it, by making measurements of distances and angles on the surface itself. This result, his theorema
egregium, meant that a two-dimensional being could discover that its world was curved without ever
leaving it. Gauss reportedly measured the angles of a large triangle formed by three mountain peaks to
test whether physical space was flat. He found no deviation within his errors. In 1854 Bernhard Riemann
generalized Gauss's ideas to spaces of any dimension, whose curvature could vary from point to point.
Riemann remarked that whether physical space has such curvature was a question for physics, not
mathematics.

Einstein answered it. His general theory of relativity identifies gravity with the curvature of four-
dimensional spacetime. Matter and energy tell spacetime how to curve, and curved spacetime tells matter
how to move. The field equations relate a geometric quantity, built from the curvature of the metric, to the
density of energy and momentum:

Gpv + /\guv = (811G / C4) Ty (4)

The left side is pure geometry: Riemann's mathematics, completed by Ricci and Levi-Civita's tensor
calculus in 1900, sixty years before Einstein needed it. The right side is physics. The equation is the
purest example in science of a physical law that is a geometric statement. Within seven years Friedmann
had found solutions describing an expanding universe, which Hubble observed in 1929.
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5.3 Testing geometric gravity

General relativity has been tested in every regime accessible to measurement, from laboratory towers to
merging black holes. Table 5 summarizes the principal tests. In each case the prediction was derived
from the geometry before the measurement was made or made precise.

Table 5. Predictions of geometric gravity and their tests

Effect Prediction Measurement Reference
Perihelion advance of 43 arcseconds per century 43.1 £ 0.5 arcseconds per Clemence, 1947
Mercury beyond Newtonian century
perturbations
Deflection of starlight 1.75 arcseconds at the solar 1.98 £ 0.12 and 1.61 £ 0.30 Dyson, Eddington and
by the Sun limb (twice the Newtonian arcseconds in 1919 Davidson, 1920
value)
Gravitational redshift Frequency shift of 2.5 x 107" Confirmed to about 10 per Pound and Rebka, 1960
over a 22.5 m tower cent
Satellite clock rates GPS clocks gain about 38 ps Corrected continuously in Ashby, 2003
per day operation
Gravitational waves Waveform of two merging Signal GW150914 matching LIGO and Virgo, 2016
black holes numerical relativity
Black-hole shadow Dark region ringed by light, Ring of about 42 Event Horizon
set by the geometry of photon  microarcseconds around Telescope, 2019
orbits Mm87*

The 1919 eclipse results were less precise than often presented; modern radio measurements confirm the predicted deflection to better than
0.1 per cent.

The GPS case shows that geometric gravity is not only a matter for astronomers. Figure 7 computes the
two relativistic effects on an orbiting clock. Because satellite clocks sit higher in Earth's gravitational field,
general relativity makes them run faster than clocks on the ground. Because they move, special relativity
makes them run slower. At the altitude of GPS satellites, about 20,200 km, the gravitational effect is 45.6
microseconds per day and the velocity effect -7.2, for a net gain of 38.4 microseconds per day. This
matches the value of about 38.6 used in practice, which also accounts for Earth's rotation and shape.
Since radio signals travel about 30 cm per nanosecond, an uncorrected clock would accumulate a
ranging error of about 11.5 km per day. The two effects cancel at an altitude of 3,189 km, exactly half an
Earth radius. Below that height, orbiting clocks run slow; the International Space Station's clocks lose
about 24.5 microseconds per day.
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Figure 7. Geometry in every pocket. Relativistic clock offsets of an orbiting clock relative to the ground, by altitude
(a), and the ranging error that would accumulate in GPS without correction (b).

Source: H Heuristics calculation from the weak-field formulas Af/f = GM/c?(1/R - 1/r) — GM/(2rc?) for a circular orbit, ignoring Earth's rotation
and oblateness. Operational values from Ashby (2003).

5.4 Why three dimensions?

Geometry also bears on a question that sounds metaphysical: why does space have three dimensions?
Mathematics cannot answer it directly, but it can show that three is special. In n spatial dimensions, the
flux of a force from a point source spreads over a sphere whose area grows as r"'. So the force falls as
1/r"', and the inverse-square law is a consequence of three-dimensionality. Paul Ehrenfest showed in
1917 that stable planetary orbits are possible only when n = 3; with more dimensions, orbits either spiral
in or fly apart. Similar arguments apply to atoms. Max Tegmark's analysis of the dimensionality of
spacetime extended these results: with more or fewer than one time dimension, or more than three space
dimensions, physics would be either unpredictable or unstable.

These arguments do not explain why there are three dimensions, but they do explain why observers find
themselves in a world with three. They are a case of mathematics constraining what kind of universe
could contain anyone to observe it. That is the series' first layer of constraint in its purest form.

5.5 Topology: geometry without distance

Topology is the branch of geometry that ignores distances and angles and studies only properties
preserved under continuous deformation, such as the number of holes in a surface. Poincaré founded it in
1895 as pure mathematics. Ninety years later it became one of the most productive ideas in condensed-
matter physics.

In 1980 Klaus von Kilitzing found that the electrical resistance of a two-dimensional electron gas in a
strong magnetic field takes quantized values, the von Klitzing constant h/e? = 25,812.807 ohms divided by
an integer. They are quantized with a precision of better than a part in a billion, regardless of the sample's
impurities or shape. Thouless, Kohmoto, Nightingale and den Nijs explained why in 1982: the integer is a
topological invariant, a Chern number, which cannot change under small deformations any more than a
doughnut can lose its hole by being squeezed. Together with Kosterlitz and Thouless's work on
topological phase transitions, this earned the 2016 Nobel Prize in Physics. Topology explains why a
messy physical system can produce a perfectly sharp number. The integer is protected by the shape of a
mathematical space, not by the cleanliness of the sample.
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Geometry also constrains the arrangement of matter. There are exactly 17 wallpaper groups of symmetric
patterns in the plane and 230 space groups in three dimensions. The crystallographic restriction theorem
proves that a periodic crystal cannot have five-fold rotational symmetry. In 1984 Dan Shechtman found an
alloy with sharp five-fold diffraction patterns, a quasicrystal that is ordered but not periodic. Mathematics
had anticipated it: Roger Penrose's aperiodic tilings of the 1970s have exactly this property. Packing
problems tell a similar story. Thomas Hales proved Kepler's 1611 conjecture that no packing of spheres is
denser than the familiar stacking of oranges, at about 74 per cent, and that the hexagonal honeycomb
divides a plane into equal areas with the least total perimeter. That second result explains why bees,
soap films and basalt columns converge on hexagons.

5.6 What geometry explains

Layer Il establishes that gravitation is described with high precision as the geometry of spacetime, and
that this description has predicted effects, from light bending to gravitational waves, that were later
measured (Grade A). It shows that topological invariants explain why some physical quantities are exactly
quantized in disordered materials (Grade A), and that geometric theorems constrain the possible
arrangements of matter (Grade A). The arguments that three spatial dimensions are uniquely compatible
with stable orbits and atoms are mathematically sound, though their implications for why space has three
dimensions are interpretive (Grade B). Of the four mechanisms in Section 3, the evidence of this layer
weighs most heavily on structural correspondence. Riemannian geometry was not selected from many
candidates to fit gravity. It was the only available language in which gravity could be stated as Einstein
understood it, and its predictions went well beyond its inputs.
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0 6 LAYER IIl - SYMMETRY AND CONSERVATION

6. Layer lll: Symmetry and Conservation

6.1 The question
[ Research question. Why are symmetries so central to the formulation of fundamental physical laws?

A symmetry is a transformation that leaves something unchanged. A square looks the same after a
quarter turn; a sphere looks the same after any rotation; the laws of physics appear to be the same in
London and in Tokyo, today and tomorrow. In the twentieth century, symmetry moved from a property
physicists noticed in solutions to the principle from which they derived the laws. This section asks how
that happened and what it implies.

6.2 The mathematics of sameness

The mathematical study of symmetry is group theory. A group is a set of transformations that can be
combined, that includes doing nothing, and in which every transformation can be undone. Evariste Galois
invented the concept around 1830 to understand which polynomial equations can be solved by formulas,
a question with no apparent connection to physics. Sophus Lie extended it in the 1870s to continuous
transformations such as rotations, whose groups are now called Lie groups. For half a century these
remained objects of pure mathematics.

Groups matter for physics because they capture what is invariant, and invariants are what physical laws
must respect. If the laws are the same in every direction, then any correct law must be expressible in a
form that does not change under rotation. That requirement sharply restricts the laws that are possible. In
this sense symmetry is a constraint in the language of the series: it removes most of the logically possible
laws from consideration before any experiment is done.

6.3 Noether's theorem

The deepest link between symmetry and physics was found by Emmy Noether in 1918, in a paper on
invariant variation problems written while she was helping Hilbert and Klein understand energy
conservation in general relativity. Noether's theorem states that every continuous symmetry of a system's
action, the quantity whose stationary value determines the motion, implies a conserved quantity. Figure 8
shows the four best-known cases.
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SYMMETRY: THE LAWS DO NOT CHANGE UNDER... CONSERVED QUANTITY
Noether

(1918)

a shift in time

the laws are the same today as tomorrow

— Energy

a shift in space

the laws are the same here as there

Linear momentum

a rotation

Angular momentum

no direction in space is special

a change of quantum phase, U(1)

Electric charge
the overall phase of a wavefunction is unobservable

Figure 8. Noether's theorem: every continuous symmetry of the laws implies a conserved quantity. Symmetry
under shifts in time implies conservation of energy; under shifts in space, momentum; under rotations, angular
momentum; under changes of quantum phase, electric charge.

Source: H Heuristics, after Noether (1918; English translation 1971).

In field theory, the theorem takes the form of a continuity equation for a conserved current j*:
auju =0 (5)

The theorem reverses the explanatory order that seems natural. One might think energy is conserved
because of some property of energy. Noether showed that energy is conserved because the laws of
physics do not change over time. Conservation laws, long treated as among the most basic empirical
facts, turn out to be consequences of symmetry. And where a symmetry fails, the corresponding
conservation law fails with it. In an expanding universe, which is not the same at all times, the energy of
light is not conserved: photons lose energy as they are redshifted.

Noether's theorem is a mathematical result, proved, and its physical consequences have been confirmed
in every domain tested (Grade A). It is also the clearest example in this report of mathematics explaining
a physical fact rather than merely describing it.

6.4 Symmetry as a guide to new physics

Twentieth-century physics turned Noether's insight into a method. Einstein derived special relativity by
requiring that the laws of physics be the same for all observers moving at constant velocity, a symmetry
that matched the null result of Michelson and Morley. The gauge theories that describe the
electromagnetic, weak and strong forces were built by requiring invariance under local symmetry
transformations. The forces then appear as the fields needed to keep that invariance. The Standard
Model is specified to a large extent by naming its symmetry group, SU(3) x SU(2) x U(1), and the ways in
which the particles transform under it.

The most celebrated predictive success of symmetry came in 1962. Murray Gell-Mann and Yuval
Ne'eman had independently noticed that the hadrons then known could be arranged in patterns
corresponding to representations of the group SU(3), an approach Gell-Mann called the eightfold way.
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One pattern, a triangle of ten particles, had nine members known and one missing at the bottom. The
pattern implied that the masses should increase in roughly equal steps as strangeness decreased. Gell-
Mann predicted the missing particle, its charge, its strangeness and its approximate mass. Figure 9
reconstructs the argument. The known masses step up by an average of 150.7 MeV per unit of
strangeness, which puts the missing particle near 1,684 MeV. In 1964 a bubble-chamber experiment at
Brookhaven found the Omega-minus at 1,672 MeV, 0.7 per cent from the prediction, with exactly the
predicted charge and strangeness.

a The baryon decuplet of SU(3) b Equal spacing predicts a missing particle
1708 4 @ known in 1962 Q

S=0 predicted = 1684 MeV
measured 1964: 1672 MeV
1600 -
@ @ S ) 71
S=- 1400
1385
1300
S=-3
@

1232 T T T
0 -1 -2 -3
Strangeness S

]
1500 - 1243

Mass (MeV/c?)

Figure 9. Symmetry predicts a particle. The ten baryons of the SU(3) decuplet, arranged by strangeness S (a). The
masses known in 1962 step up almost equally; extending the steps predicts the missing Omega-minus at about 1,684
MeV, close to the 1,672 MeV measured in 1964 (b).

Source: H Heuristics calculation using average isospin-multiplet masses from the Particle Data Group: A 1,232, > 1,385, = 1,633 and QO
1,672 MeV.

Precision has since improved enormously. Computations based on the full theory of the strong force,
quantum chromodynamics, now compute the masses of light hadrons, including the proton, from first
principles to within a few per cent. In the case of the Omega-minus, mathematics predicted a particle from
a pattern before the dynamics that produced the pattern was understood. That is strong evidence that the
pattern was real.

6.5 Broken symmetry and the origin of structure

A perfectly symmetric world would be featureless. Much of the structure we see arises when symmetries
are broken. Table 6 distinguishes the kinds.
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Table 6. Exact, approximate and broken symmetries in physics

Symmetry

Time and space
translation; rotation

Lorentz invariance

CPT (charge, parity and
time reversed together)

Parity (mirror

Status

Exact as far as
tested

Exact as far as
tested

Exact; follows from
quantum field theory

Broken by the weak

Consequence

Conservation of energy, momentum

and angular momentum

Special relativity; speed of light the

same for all observers

Particles and antiparticles have
equal masses and lifetimes

Neutrinos are left-handed; beta

The Mathematical Architecture of Reality

Evidence

All of mechanics; precision
tests to many decimal
places

No violation found in tests
reaching parts in 10" and
beyond

Proton—antiproton
comparisons; kaon systems

Wu experiment, 1957

symmetry) force decay favors one direction

CP symmetry Broken (small) A possible ingredient of the matter— Neutral kaons, 1964; B
antimatter imbalance mesons

SU(3) flavor Approximate Hadron multiplets; Omega-minus Mass patterns accurate to a

prediction few per cent
Electroweak gauge Spontaneously W and Z bosons acquire mass; W, Z (1983) and Higgs
symmetry broken photon stays massless (2012) discoveries

Spontaneous breaking means the laws keep the symmetry but the lowest-energy state does not, as a pencil balanced on its tip must fall in
some direction.

Spontaneous symmetry breaking links Layer Il to emergence. When water freezes, the rotational
symmetry of the liquid is broken by the crystal lattice. When a magnet cools below its Curie point, the
symmetry among directions is broken by the alignment of spins. Philip Anderson's essay More |s Different
(1972) argued that such broken symmetries create new levels of organization with their own laws, which
cannot be deduced in practice from the laws beneath them. The mathematics of symmetry breaking is the
same in magnets, superconductors and the early universe. The Higgs mechanism was partly inspired by
superconductivity.

6.6 Why symmetry is central

Several reasons for the centrality of symmetry can be distinguished. The first is that symmetry is what
makes laws possible at all: a law that held here but not there, or now but not later, would not be a law.
The second is that symmetry compresses. Specifying a symmetry group and a few parameters is far
shorter than specifying how each particle behaves. The third is that symmetry is often exact, or broken in
precisely describable ways, so its predictions can be extraordinarily sharp. The fourth, more speculative,
is that symmetry is simply what physical structure is, which is the claim of ontic structural realism.
Particles of the same kind are interchangeable, and quantum field theory defines a particle type by how it
transforms under the symmetry group.

The first three reasons are uncontroversial (Grade A). The fourth is a philosophical position (Grade D).
But together they explain why the search for new physics so often takes the form of a search for larger or
hidden symmetries.
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0 7 LAYER IV - EQUATIONS AND DYNAMICS

7. Layer |IV: Equations and Dynamical
Systems

7.1 The question

Research question. How can relatively simple rules produce unpredictable or highly organized
outcomes?

If symmetry tells physics what cannot change, equations tell it how everything else does. The fourth layer
concerns the mathematics of change: differential equations, which relate a quantity to its rate of change,
and their discrete cousins, iterated maps and cellular automata. Its central lesson, learned only in the
twentieth century, is that short rules need not produce simple behavior. The same mathematics that
predicts eclipses centuries ahead also proves that some systems cannot be predicted beyond a few days.

7.2 The language of change

Most fundamental laws of physics are differential equations. Table 7 lists the most important. Each is
short enough to write on a single line, and each governs an enormous range of phenomena.

Table 7. Some equations that govern the physical world

Equation Governs Status Open problems

Newton's second law with Planetary motion, projectiles, Exact at low speeds and Three-body problem has
gravitation (1687) structures, spacecraft weak fields no general closed solution
Maxwell's equations (1865) Electricity, magnetism, light, Exact classically; None at classical level
radio quantized in QED
Schrédinger equation Atoms, molecules, chemistry, Exact non-relativistically Interpretation of
(1926) solids measurement
Einstein field equations Gravity, cosmology, black Confirmed in all tests Incompatible with quantum
(1915) holes theory at the Planck scale
Navier—Stokes equations Fluids: weather, oceans, Accurate in practice Existence of smooth
(1822-45) blood, flight solutions unproven (a
Millennium Prize problem)
Boltzmann equation (1872) Dilute gases; approach to Accurate for dilute gases Rigorous derivation from
equilibrium mechanics (Hilbert's sixth
problem)

Dates are of first formulation in essentially modern form.
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Maxwell's equations illustrate the unexpected reach of a differential equation. Maxwell found that his
equations admitted wave solutions travelling at a speed of 1/(logo), where po and €, are constants
measured in benchtop experiments with magnets and capacitors. Inserting the measured values gives
about 3.0 x 10® metres per second, the measured speed of light. Maxwell concluded that light is an
electromagnetic wave. Constants from electrical experiments predicted an optical one, because both
turned out to be aspects of one structure.

7.3 Nonlinearity and chaos

The equations in Table 7 are deterministic: given the present exactly, they fix the future. For two centuries
this was taken to mean that the future is, in principle, predictable. Henri Poincaré found the first crack in
the 1890s while studying three bodies moving under gravity: tiny changes in starting positions could lead
to wildly different orbits. The full significance emerged in the 1960s and 1970s. Edward Lorenz found
sensitive dependence in a three-variable model of atmospheric convection. Robert May showed that very
simple models of population growth have very complicated dynamics.

May's example is the logistic map, x..1 = r x((1 — x:), in which x is a population as a fraction of its maximum
and r a growth rate. Figure 10 shows its long-run behavior. For r below 3 the population settles to a fixed
value. Above 3 it alternates between two values, then four, then eight, in a cascade of period doublings
that accumulates at r = 3.5699. Beyond that point most values of r produce chaos: the population never
repeats, and its Lyapunov exponent, the rate at which nearby trajectories diverge, is positive. Within the
chaos are windows of order, including a period-3 window near r = 3.83.

a The logistic map Xx;; 1 =rx:(1 — x;): one line of algebra, order to chaos
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Figure 10. One line of algebra, order to chaos. Long-run values of the logistic map for each growth parameter r,
showing period doubling and chaos (a), and the Lyapunov exponent, positive where nearby trajectories diverge
exponentially (b).

Source: H Heuristics calculation; 2,400 values of r, 800 transient iterations discarded and 400 retained, after May (1976).
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In 1975 Mitchell Feigenbaum noticed that the intervals between successive doublings shrink by a
constant factor. This report computes the parameter values at which the map's cycles are most stable for
periods 1, 2, 4, up to 2,048. The ratio of successive intervals is 4.709, 4.681, 4.663, and then settles at
4.6692. Feigenbaum proved that this number is universal: the same value, & = 4.6692, appears in every
one-dimensional map with a single smooth hump, whatever its formula. It was then measured in
convection experiments in liquid helium and in electronic circuits. The Feigenbaum constant is a number
that belongs to the structure of the route to chaos, not to any particular system. It is the first clear example
in this report of universality, the third mechanism of Section 3.

7.4 The limits of prediction

Chaos sets a horizon on prediction. In a chaotic system, small errors grow exponentially, roughly as & e",
where A is the largest Lyapunov exponent. Inverting this gives the forecast horizon:

T ~ (1/A) In(A /3) (6)

where 0 is the initial error and A the largest error that can be tolerated. Figure 11 tests this in the Lorenz
system. Two runs that start 107° apart track each other closely for about 24.3 time units, then separate
completely. The Lyapunov exponent computed here is 0.89, close to the published value of about 0.91.
The horizon grows only logarithmically with precision. Each tenfold improvement in the initial
measurement buys about 2.59 time units of forecast. Improving precision from 10~" to 107", thirteen
orders of magnitude, extends the horizon from about 2.6 to about 34 units.

aT‘”° runs, starting 107° apart b Errors grow exponentially c Precision buys little time
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Figure 11. Deterministic, yet unpredictable. Two runs of the Lorenz system starting 10~° apart, shown in the x—z
plane around the time they diverge (a). Their separation grows exponentially at the Lyapunov rate (b). The forecast
horizon grows only with the logarithm of the initial precision (c).

Source: H Heuristics calculation; Lorenz (1963) parameters o = 10, p = 28, 3 = 8/3, fourth-order Runge—Kutta integration with step 0.005,
horizon defined as separation exceeding 1 and taken as the median over 24 starting points.

This is why weather forecasts lose skill after one to two weeks, however good the models and
observations become. It is also an important finding for the central question. Mathematics can prove that
a system is unpredictable, and can say exactly how unpredictable it is. The limit is not a failure of
mathematics but a mathematical result about the world. Determinism and predictability are different
properties, and only mathematics could have shown that.
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7.5 Simple rules, complex outcomes

Differential equations are not the only compact rules that generate complexity. Stephen Wolfram's study
of cellular automata in the 1980s examined the simplest possible case: a row of cells, each black or
white, updated in steps according to the colors of the cell and its two neighbors. There are only 256 such
rules, each specified by eight bits. Figure 12 runs all of them from random starting rows and measures
how far a standard compression algorithm can shrink the result.

Rule 30 Rule 90 Rule 110 Rule 184 b Simple rules, outputs of every kind

100

22 look random

80 4 32 intermediate

202 highly ordered

i =
o

from random start: 100% from random start: 100% from random start: 74% from random start: 9%

Size after compression (% of random)

Each rule is eight bits: a lookup table giving a cell's next state from itself and its two neighbours

0 50 100 150 200 250
All 256 rules, sorted

Rule 110 is computationally universal; Rule 30 has been used as a random-number generator.

Figure 12. Eight-bit rules, outputs of every kind. Four elementary cellular automata (a); Rules 30, 90 and 110 are
shown from a single black cell and Rule 184 from a random row. Compressibility of all 256 rules from random starting
rows (b): most produce highly ordered patterns, a few produce intermediate structure, and some produce output that
a standard compressor cannot shrink.

Source: H Heuristics calculation; 301 cells, 300 steps with the first 50 discarded, periodic boundaries, two random starts per rule, zlib
compression at level 9 relative to random bits. Thresholds: ordered below 15 per cent, random-looking above 85 per cent.

Of the 256 rules, 202 produce highly ordered patterns that compress to less than 15 per cent of the size
of random bits. Another 32 produce intermediate structure, and 22 produce output that looks random to
the compressor. Rule 30, started from a single black cell, produces a pattern so irregular that it has been
used to generate random numbers. Rule 110 produces interacting localized structures and was later
proved to be computationally universal: with a suitable starting row it can carry out any computation a
computer can. A rule specified by eight bits can therefore be as complex as anything that can be
computed.

The same lesson appears in biology. Alan Turing showed in 1952 that two chemicals that react and
diffuse at different rates can spontaneously form spots and stripes from a uniform start, a mechanism
since supported in several developmental systems. Turing's equations are a few lines long; their solutions
decorate animals. Simple rules explain complex structure, but they also show that complex structure does
not require complex causes, which bears on how much should be read into it.

7.6 Chaos or noise?

A practical consequence of this layer is a test. If a time series looks irregular, is it chaos from a few
deterministic variables or noise from many random influences? Sugihara and May showed that the two
can be distinguished by how forecast accuracy declines with lead time. Chaos is predictable in the short
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term and loses accuracy at a characteristic rate, while noise is unpredictable at every horizon. Such
methods have identified low-dimensional chaos in some ecological and physiological series and its
absence in others. Mathematics here does more than describe: it lets observation decide between two
kinds of world.

7.7 What dynamics explains

Layer IV establishes that the fundamental laws of physics take the form of compact differential equations
(Grade A). It shows that deterministic rules can produce behavior that is unpredictable in practice, with a
horizon that mathematics can calculate (Grade A). Some features of the route to chaos, such as the
Feigenbaum constant, are universal across systems with different physics (Grade A). Rules a few bits
long can generate structures of unlimited complexity, including universal computation (Grade A). The
layer adds an important qualification to the success of mathematics. Mathematics describes the rules of
most physical systems compactly, but it cannot always compress their oufcomes. In chaotic and
computationally irreducible systems, the only way to find out what happens may be to let it happen, or to
simulate it step by step.
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0 8 LAYERV - SCALING AND FRACTALS

8. Layer V: Scaling, Fractals and Recurring
Patterns

8.1 The question

I Research question. Why do certain mathematical patterns recur across different scales and
domains?

The fifth layer concerns patterns that repeat: across sizes, as when a coastline looks equally jagged at
every magnification, and across domains, as when magnets and boiling liquids obey the same equations
near their critical points. These recurrences are the most visible evidence for the Mathematical
Architecture Hypothesis. They are also where the greatest volume of overstatement is found. This section
separates the recurrences that have a mathematical explanation from those that are artifacts of how data
are plotted.

8.2 Power laws and scale invariance

A power law relates two quantities as y = a x. Its defining property is scale invariance. Multiplying x by
any factor multiplies y by a fixed factor, so the relationship looks the same at every scale. On a plot with
logarithmic axes, a power law is a straight line with slope b. Some power laws follow directly from physics.
Kepler's third law, that the square of a planet's period is proportional to the cube of its distance, is a power
law with exponent 3/2. It follows exactly from Newton's inverse-square law (Section 11 tests it on nine
bodies). Andrey Kolmogorov predicted in 1941 that the energy in a turbulent fluid is distributed across
eddy sizes as a power law with exponent —5/3, using only dimensional analysis and an assumption about
how energy cascades. The prediction has been confirmed in wind tunnels, oceans and the atmosphere.

These are power laws with mechanisms. Others are empirical: Zipf's law for city sizes and word
frequencies, the Gutenberg—Richter law for earthquakes, and the distribution of wealth described by
Pareto. Whether these share a deep explanation has been debated for a century. Mark Newman's review
identified several distinct mechanisms that generate power laws, including preferential attachment,
multiplicative growth with a lower bound, and critical phenomena. Different mechanisms can produce the
same exponent, so a shared exponent is not evidence of a shared cause.

8.3 Universality and the renormalization group

The strongest form of cross-domain recurrence occurs near critical points, where a system is poised
between two phases. At the critical point of a liquid and its vapour, the difference between their densities
vanishes as a power of the distance from the critical temperature. In 1945 Edward Guggenheim showed
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that eight simple fluids, from neon to methane, collapse onto a single curve when scaled by their critical
values, with an exponent close to 1/3. The same exponent describes the vanishing magnetization of a
magnet near its Curie point. A magnet and a fluid have nothing physical in common: one involves electron
spins on a lattice, the other molecules moving freely.

The explanation came from the Ising model, a lattice of spins that can point up or down and prefer to align
with their neighbors. In 1944 Lars Onsager solved the two-dimensional model exactly, one of the great
feats of mathematical physics. Figure 13 compares a simulation of a 96 x 96 lattice with the exact
magnetization formula derived by Onsager and C. N. Yang. Below the critical temperature T, = 2.269 in
natural units, the simulation matches the exact curve to within 0.0004 on average. Above it, the
magnetization falls to zero, apart from finite-size effects.

a A phase transition from local rules b Different systems, shared exponents
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Figure 13. Different systems, shared exponents. Magnetization of a simulated two-dimensional Ising model
against the exact Onsager—Yang solution (a). Near a critical point, the order parameter vanishes as a power of the
distance from it, with an exponent (3 fixed by the universality class rather than by the material (b); simple fluids follow
the three-dimensional Ising class, not mean-field theory.

Source: H Heuristics calculation;, Metropolis Monte Carlo with checkerboard updates, 2,600 sweeps per temperature with 600 discarded.
Exponents: mean-field 1/2, 2D Ising 1/8 (exact), 3D Ising 0.326 (numerical); fluid exponent from Guggenheim (1945).

Why do different systems share exponents? Leo Kadanoff suggested in 1966 that near a critical point, the
system looks the same when viewed at coarser scales, so blocks of spins behave like single spins.
Kenneth Wilson turned this into the renormalization group in 1971, a mathematical procedure that tracks
how the description of a system changes as it is viewed at larger scales. Most microscopic details
become irrelevant under repeated coarse-graining. What survives are a few features: the dimension of
space, the symmetry of the order parameter and whether interactions are short- or long-ranged. Systems
that share these features fall into the same universality class and have identical critical exponents,
whatever they are made of.

Universality is the clearest scientific answer to the question of why the same mathematics recurs. It is not
a coincidence or a matter of description. It is a theorem-like consequence of how information about
microscopic details is lost at large scales (Grade A for the theory and its confirmation in critical
phenomena). It also explains why physics works at all without a final theory. Effective descriptions at one

scale are insensitive to most details at smaller scales, so each level of description can be studied on its
own.
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8.4 Fractals

In 1967 Benoit Mandelbrot asked How Long Is the Coast of Britain? The answer depends on the ruler.
Using Lewis Fry Richardson's measurements, Mandelbrot showed that the measured length grows as the
ruler shrinks, following a power law whose exponent defines a fractional dimension. The west coast of
Britain has a dimension of about 1.25, between that of a smooth curve (1) and a filled plane (2).
Mandelbrot coined the word fractal for such objects and argued that they are nature's typical geometry:
clouds, mountains, rivers, lungs and blood vessels are irregular at every scale.

Figure 14 measures the dimension of two curves by box counting: covering the curve with boxes of size €
and recording how the number of boxes N(g) grows as € shrinks. For the Koch snowflake curve, whose
exact dimension is log 4/log 3 = 1.262, the estimate is 1.283. For a random coastline with a theoretical
dimension of 1.25, generated by a statistically self-similar process, the estimate is 1.205. Both are within
a few per cent of theory, a reminder that fractal dimensions estimated from finite data carry real
uncertainty.

aKoch curve: exact self-similarity b Box counting measures fractal dimension

—— Koch: D = 1.283 (exact log4/log3 = 1.262)
104 - —— coastline: D = 1.205 (theory 1.25)
smooth curve: D = 1

Random "coastline’ (H = 0.75): statistical self-similarity

Boxes needed to cover the curve

Y / WA f/ Tl 1 4 LI PR g LU N

10 10 10°
1/ box size

Figure 14. Measuring a fractional dimension. An exactly self-similar Koch curve and a statistically self-similar
random 'coastline' (a). The number of boxes needed to cover each grows as a power of the inverse box size, with
slope equal to the fractal dimension (b); a smooth curve would have slope 1.

Source: H Heuristics calculation; Koch curve to 7 iterations; coastline by random midpoint displacement with Hurst exponent 0.75 (dimension
2 - H=1.25) and 2" segments.

Fractal geometry is a genuine discovery about natural form (Grade A as a description; B for most
proposed generating mechanisms). Branching networks such as lungs and river basins do have self-
similar structure over a range of scales, typically two to four orders of magnitude, not indefinitely. The
range matters: a pattern that is self-similar over one decade of scale is weak evidence of anything.

8.5 Scaling in living systems and cities

In 1932 Max Kleiber found that the metabolic rate of animals scales roughly as body mass to the 3/4
power, across sizes from mice to steers. Because surface area scales as mass to the 2/3 power, the
exponent was surprising. In 1997 Geoffrey West, James Brown and Brian Enquist proposed that it
reflects the geometry of branching transport networks, which fill space, end in units of fixed size and
minimize energy loss. The model derived 3/4 from these assumptions and became one of the most cited
papers in biology.
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The evidence since has been mixed. Analyses of mammalian basal metabolism found an exponent closer
to 2/3. A large data set showed curvature in the log-log relationship, so no single exponent fits all sizes. A
review documented wide variation in exponents between groups, activity levels and temperatures. The
3/4 law is a useful empirical approximation; whether it is a universal law with a geometric explanation
remains contested (Grade C).

Bettencourt and colleagues found that many urban quantities scale with city population as power laws.
Socioeconomic outputs such as wages, patents and GDP rise faster than population, with exponents near
1.15, while infrastructure such as road length rises more slowly, near 0.85. The finding is robust in many
data sets. Its interpretation as a law analogous to biological scaling, and the exponents' sensitivity to how
city boundaries are drawn, are debated (Grade B for the regularity, C for the general theory).

8.6 When is a power law real?

Claims of power laws in data have become so common that statisticians have warned about them. A
straight line on a log-log plot is weak evidence. Many distributions look roughly straight over a limited
range, and fitting a line by least squares to a log-log plot gives biased exponents and no test of the
alternative. Clauset, Shalizi and Newman developed a rigorous procedure based on maximum likelihood
and goodness-of-fit tests. Applied to two dozen data sets for which power laws had been claimed, it found
that a power law was clearly favored in only a minority. Stumpf and Porter argued that a power law should
be claimed only with both statistical support and a plausible mechanism. Broido and Clauset tested nearly
1,000 real networks for the scale-free degree distributions often claimed to be universal. They found the
strongest evidence for scale-free structure in only 4 per cent, and the weakest form of evidence in about
half.

Figure 15 shows why. A sample of 3,000 values from a true power law gives a straight-line fit with R? =
0.998. A sample from a lognormal distribution, which is not a power law, gives R? = 0.959, a fit many
published papers would accept. The straight-line slope implies a power-law exponent of 2.12, but the
maximum-likelihood estimate is 1.83. A likelihood-ratio test correctly rejects the power law in favor of the
lognormal, with p = 5 x 10728, Notably, the same test applied to the true power-law sample cannot
distinguish it from a lognormal (p = 0.54). Even genuine power laws are hard to confirm from a few
thousand points.
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Figure 15. A straight line on a log-log plot is weak evidence. Complementary cumulative distributions of 3,000
samples from a true power law (a) and from a lognormal distribution (b), with least-squares straight-line fits. Both fits
look good; only a likelihood-ratio test separates them, and it cannot confirm the true power law.

Source: H Heuristics calculation; power law with density exponent 2.5 and minimum 1; lognormal with u = 0.3 and ¢ = 1.4 truncated below 1;
maximum-likelihood fits and the normalized likelihood-ratio test of Clauset, Shalizi and Newman (2009).

Self-organized criticality, proposed by Bak, Tang and Wiesenfeld in 1987, offered a general mechanism
by which systems drive themselves to a critical state and produce power laws without tuning. It applies
well to some systems, such as certain sandpile and granular experiments, and has been proposed for
earthquakes, forest fires and neural activity. Its scope remains debated. The general lesson of this layer
is that scaling is real and important, but that the claim of a universal scaling law needs both statistics and
mechanism.

8.7 The golden ratio and the golden angle

No mathematical pattern has been more overstated than the golden ratio, @ = (1 + V5)/2 = 1.618. Itis
claimed to govern the Parthenon, the Mona Lisa, the proportions of the human body, the spiral of the
nautilus shell and the movements of financial markets. Careful measurement finds most of these claims
unsupported. The Parthenon's proportions depend on which points are measured. The nautilus spiral
grows by a ratio that varies between shells and is usually not @. Fibonacci retracements in trading have
no demonstrated predictive value. These belong on the fifth rung of the ladder, and many do not even
qualify as analogies.

But one appearance of ¢ is real and explained. In many plants, successive leaves, florets or seeds are
placed at an angle of about 137.5° to one another. This is the golden angle, 360° x (1 - 1/@). The
resulting spirals come in Fibonacci numbers, such as 34 and 55 in a sunflower head. Helmut Vogel's
model shows why the angle matters. Figure 16 places seeds at the golden angle and at nearby angles. At
137.0° the seeds fall into radial arms with gaps; at 138.5° they form even more obvious spokes; at
137.508° they pack evenly at every stage of growth. The closest spacing between seeds, taken at the
worst stage of growth, is 1.62 units at the golden angle against 1.05 at 137.0°.
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Figure 16. The golden angle in plants. Seeds placed at successive angles of 137.0°, 137.508° (the golden angle)
and 138.5°, with radius growing as the square root of seed number (a). The closest spacing between seeds at the
worst stage of growth, across divergence angles (b): small departures from the golden angle produce poor packing.

Source: H Heuristics calculation using Vogel's (1979) model; worst case taken over 150, 300, 600 and 1,200 seeds, ignoring the innermost
fifth.

Why should plants find this angle? The golden ratio is, in a precise sense, the hardest number to
approximate by fractions. So successive seeds placed at the golden angle never line up into radial rows
at any scale. Douady and Couder reproduced the pattern in 1992 with drops of ferrofluid falling onto a
plate in a magnetic field. Each new drop moved to the place farthest from its predecessors, and the drops
spontaneously settled at the golden angle. The pattern needs no genetic blueprint for @, only a growth
rule in which each new element avoids the previous ones. Several other irrational angles pack nearly as
well, and some plants use them. This is a mathematical explanation in the sense of Section 2: a fact
about numbers, together with a simple physical rule, explains a fact about plants (Grade B).
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Table 8. The status of some claimed scaling laws and recurring patterns

Pattern

Kepler's third law

Critical exponents

Kolmogorov -5/3
spectrum

Golden angle in
phyllotaxis

Fractal coastlines and
branching

Urban scaling
Kleiber's 3/4 law

Scale-free networks

Golden ratio in art,
anatomy and markets

Claim

T? « a2 for orbits around one body

Shared within universality classes

Energy across eddy sizes in
turbulence

Common divergence angle 137.5°

Self-similarity over a range of
scales

Exponents near 1.15 and 0.85

Universal metabolic exponent with
network origin

Power-law degree distributions
are universal

¢ governs beauty and prices

Evidence

Exact consequence of Newtonian gravity;

fitted exponent 1.4998 for nine bodies
(Section 11)

Exact solutions, renormalization group,
decades of experiments

Confirmed widely; small corrections
debated

Measured in many species; physical
model and experiment

Measured, typically over two to four
decades

Robust in many data sets; sensitive to
boundary definitions

Exponents vary from about 2/3 to 1;
curvature observed

Strong evidence in about 4 per cent of
1,000 networks

Largely unsupported on careful
measurement

Grades assess the claim as stated in the second column, not the existence of the phenomenon.

8.8 What scaling explains

Grade
A

Layer V provides the most direct support for the Mathematical Architecture Hypothesis and the most vivid

warnings about its misuse. Universality explains why identical mathematics, down to the value of

exponents, recurs in physically unrelated systems near critical points (Grade A). Fractal geometry
describes many natural forms over finite ranges of scale (Grade A-B). Some biological and social scaling
laws are robust empirical regularities with contested explanations (Grade B—C). Many claims of universal
power laws, and almost all claims about the golden ratio, fail careful testing. The difference between the
two groups is precisely the difference that condition (3) of Section 3 is designed to detect: whether the
shared mathematics comes with a shared mechanism and transferable predictions, or only a shared

shape on a graph.

H Heuristics - Research Report -

October 2026

53



HEURISTICS The Mathematical Architecture of Reality

09 LAYER VI - PROBABILITY AND INFORMATION ! S ﬁ

9. Layer VI: Probability, Information and
Emergence

9.1 The question

Research question. How does mathematics connect microscopic interactions to macroscopic
structure?

The air in a room contains about 10?” molecules, each moving unpredictably. Yet the room has a definite
temperature and pressure, related by a simple law. The sixth layer concerns this transition from many
uncertain parts to a few certain wholes. Its mathematics, probability, statistical mechanics, information
theory and network science, explains how order can emerge from disorder without anyone arranging it. It
is also the layer in which mathematics turns out to describe not only matter but knowledge about matter.

9.2 Laws from chance

The foundation of the layer is a pair of theorems about averages. The law of large numbers says that the
average of many independent random quantities approaches its expected value. The central limit
theorem says more: the fluctuations of that average approach a normal (Gaussian) distribution, whatever
the distribution of the individual quantities, provided their variance is finite. That is why the bell curve
appears in measurement errors, heights and the positions of diffusing particles. It is not because nature
prefers it, but because sums of many small independent effects converge to it.

Figure 17 shows how fast. Even for a strongly skewed quantity, an exponential waiting time, the average
of 10 values is already close to normal, and of 50 values nearly indistinguishable from it. The largest gap
between the two cumulative distributions falls from 0.159 for single values to 0.0134 for averages of 100
and 0.00133 for averages of 10,000. It shrinks precisely as 1/\n, the rate predicted by the Berry—Esseen
theorem.
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Figure 17. Why the bell curve is everywhere. Distribution of standardized averages of n exponential (strongly
skewed) values, compared with the normal curve (a). The maximum gap between the cumulative distributions shrinks
as 1/\n (b).

Source: H Heuristics calculation using the exact distribution of averages of exponential variables (gamma distributions).

The theorem also has a precise boundary. When individual quantities have infinite variance, as in power-
law distributions with small exponents, sums converge not to the normal curve but to other stable
distributions with heavy tails. Financial returns and some natural hazards behave more like these.
Knowing which regime applies is the difference between a risk model that works and one that fails exactly
when it matters.

9.3 Statistical mechanics: order from counting

Statistical mechanics, founded by Maxwell, Boltzmann and Gibbs, derives the laws of thermodynamics
from probability. Its central idea is Boltzmann's: the entropy of a macroscopic state measures the number
W of microscopic arrangements compatible with it,

S =kglnW (7)

Systems move toward macrostates with more microstates simply because there are more of them. The
second law of thermodynamics, which the series examined in The Architecture of Entropy, becomes a
statement about overwhelming probability.

A simple model shows how this works. Start a population of agents with equal holdings of some
conserved quantity, energy in a gas or money in a closed economy. Let random pairs meet and split their
combined holdings at random. No agent is favored. Figure 18 shows what happens. After a single round
the distribution is already spread out. Within a few rounds it has converged to the exponential Boltzmann—
Gibbs distribution, the same distribution that describes the energies of molecules in a gas, and its entropy
has reached the maximum possible for a fixed total. In the final state the richest 10 per cent hold 33 per
cent of the total, and the Gini coefficient is 0.51, both matching the values for an exact exponential
distribution.
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Figure 18. Equal shares become unequal by chance alone. Distribution of a conserved quantity among 20,000
agents who start with 100 each and exchange at random, after 1 to 400 rounds, against the exponential law (a). The
entropy of the distribution rises to the maximum possible at fixed total within a few rounds (b).

Source: H Heuristics calculation of a random-exchange model; each round pairs all agents at random and splits each pair's combined
holding uniformly at random. After Drédqulescu and Yakovenko (2000).

Dragulescu and Yakovenko proposed this model for money and found that the incomes of the lower 97
per cent of the population in several countries follow an exponential distribution, while the top few per
cent follow a power law. The correspondence between gas molecules and incomes is mathematically
exact for the model. Whether the model captures why incomes are distributed as they are is much less
certain (Grade C). It is a good illustration of the gap between an identity and an explanation.

Edwin Jaynes showed in 1957 why the exponential appears. Among all distributions with a given mean, it
has the largest entropy, and is therefore the least biased choice consistent with what is known. On this
view statistical mechanics is a form of inference: the predictions of thermodynamics are what one should
expect given only a few constraints. The maximum-entropy principle has since been applied to ecology,
linguistics and neuroscience, with mixed but often useful results.

9.4 Information as a physical quantity

In 1948 Claude Shannon published A Mathematical Theory of Communication. It defined the information
content of a message source as H = —-% p;log p;, a formula with the same form as Gibbs's entropy. For
decades the resemblance was debated: was it a deep connection or a coincidence of notation? It turned
out to be deep. Rolf Landauer argued in 1961 that erasing one bit of information must dissipate at least
ksT In 2 of heat, about 3 x 107" joules at room temperature. In 2012 an experiment with a single colloidal
particle in an optical trap confirmed the bound. Information is physical: it has a thermodynamic cost.

The connection runs deeper still. Jacob Bekenstein showed that a black hole has an entropy proportional
to the area of its horizon, not its volume. That suggests the information a region can contain is bounded
by its surface. Seth Lloyd estimated that the observable universe could have performed at most about
10"?° elementary operations on about 10 bits since the Big Bang. David Deutsch argued that the Church
—Turing principle, that every finitely realizable physical system can be simulated by a universal computer,
is a physical claim rather than a mathematical one. These results make information theory a branch of
physics as well as of mathematics, and they underlie the speculation that information is more
fundamental than matter (Grade D).

H Heuristics - Research Report - October 2026 56


https://doi.org/10.1098/rspa.1985.0070
https://doi.org/10.1098/rspa.1985.0070
https://doi.org/10.1103/PhysRevLett.88.237901
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1038/nature10872
https://doi.org/10.1147/rd.53.0183
https://doi.org/10.1002/j.1538-7305.1948.tb01338.x
https://doi.org/10.1103/PhysRev.106.620
https://doi.org/10.1007/s100510070114
https://doi.org/10.1007/s100510070114

HEURISTICS The Mathematical Architecture of Reality

Table 9. Probability and information: core results and their physical status

Result Statement Physical role Grade

Central limit theorem Sums of many independent finite- Measurement error, diffusion, A
variance effects become Gaussian fluctuations

Boltzmann entropy S=kgInW Foundation of thermodynamics; the A

second law as probability

Maximum entropy The least-biased distribution given Equilibrium distributions; inference A
constraints (theorem
); B
(scope)
Shannon entropy and Limits on compression and reliable All digital communication and storage A
coding theorems communication
Landauer's principle Erasing a bit costs at least kgT In 2 Thermodynamics of computation; A
confirmed in 2012
Born rule Quantum probabilities are squared All quantum measurement A
amplitudes
Bell's theorem No local hidden-variable theory Quantum randomness is not A
reproduces quantum predictions ignorance of local variables
Bekenstein bound Entropy of a black hole « horizon area Possible limit on information density B

Grades refer to the mathematical result and its confirmed physical application; interpretations, such as which interpretation of quantum
mechanics is correct, are not graded here.

9.5 Probability at the foundation

Classical statistical mechanics uses probability to describe ignorance of microscopic details that are, in
principle, determined. Quantum mechanics put probability into the foundations. Born's rule of 1926 says
that the square of the wavefunction's amplitude gives the probability of a measurement outcome. John
Bell proved in 1964 that no theory in which outcomes are determined by local hidden variables can
reproduce all guantum predictions. A loophole-free experiment in 2015 confirmed that nature violates
Bell's inequality. Whatever the correct interpretation of quantum mechanics, its probabilities are not
simply ignorance of local facts. For the central question, this means one of the deepest layers of physics
is irreducibly described by a branch of mathematics, probability theory, that was developed in the
seventeenth century to analyze games of chance.

9.6 Networks and collective behavior

Many emergent phenomena depend less on what the parts are than on how they are connected. Network
science provides the mathematics. Watts and Strogatz showed in 1998 that adding a few random long-
range links to a regular network sharply shortens path lengths while preserving local clustering, the small-
world property found in social, neural and power networks. Barabasi and Albert showed in 1999 that
growth with preferential attachment produces highly skewed degree distributions, though, as Section 8
noted, strictly scale-free networks are rarer than first claimed. Molloy and Reed derived the condition
under which a random network with any given degree distribution acquires a giant connected component.

Network mathematics transfers across domains with unusual precision. Mark Newman showed that the
spread of an epidemic on a contact network maps exactly onto bond percolation, so the final size of an
outbreak equals the size of a percolation cluster. Pastor-Satorras and Vespignani then predicted from the
mathematics of heterogeneous networks that, on networks with sufficiently skewed degree distributions,
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epidemics have no threshold: even weakly infectious agents can spread. Synchronization offers another
example. The Kuramoto model of coupled oscillators describes fireflies flashing in unison, pacemaker
cells in the heart and generators in a power grid, with a sharp transition to synchrony when coupling
exceeds a critical value. Section 11 examines one of these transfers in detail.

9.7 What probability explains

Layer VI establishes that macroscopic regularities such as temperature, pressure and the bell curve
follow mathematically from the statistics of many microscopic events (Grade A). Information has a
physical cost and a physical bound (Grade A for Landauer; B for the Bekenstein bound as a general
limit). Probability enters the foundations of physics irreducibly (Grade A). Network mathematics transfers
quantitatively across systems with different components (Grade A-B). This layer gives the clearest
scientific account of emergence: large-scale order follows from counting, averaging and connectivity, not
from any additional ingredient. It also shows that the mathematics of uncertainty is not a confession of
ignorance. It is one of the most precise tools physics has.
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1 0 LAYER VIl - WHY MATHEMATICS WORKS

10. Layer ViI: Why Mathematics Describes
Reality

10.1 The question

Research question. Does the mathematical structure of our best scientific theories reflect the
underlying nature of reality, or the way human minds organize observations?

The six layers below this one describe how mathematics meets the world. This layer asks why it can. The
question is philosophical, but it is not idle, and it is not beyond the reach of evidence. Each answer makes
bets about the patterns traced in Sections 4 to 9: where mathematics succeeds, where it fails, what
survives theory change and what transfers across domains. This section evaluates the three major

positions against those patterns, without presenting any metaphysical claim as an established scientific
fact.

Figure 19 summarizes the three positions, and Table 10 compares them in more detail.
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weaker ontological claim

Mathematics as a

descriptive language

Mathematical structures are human tools
for representing patterns in an
independently existing world.

Formalism - fictionalism - nominalism -

embodied mathematics

Explains: failures, approximations, the
human history of notation

Struggles with: why invented structures
later fit unforeseen phenomena

Mathematics as a
discovery of structure

Mathematics captures objective
structural properties of reality, though
notation and theories are human.

Epistemic and ontic structural realism -

Platonism about structure

Explains: survival of equations across
theory change; novel predictions

Struggles with: what 'structure without
things' means

The Mathematical Architecture of Reality

stronger ontological claim

Mathematics as the

foundation of reality

Reality is, at its deepest level, a
mathematical structure rather than
something merely described by one.

Mathematical Universe Hypothesis

(Tegmark) - Pythagoreanism

Explains: why mathematics works at all, in
one step

Struggles with: testability, measure
problem, Godel; not established science

Figure 19. Three positions on why mathematics describes reality, ordered by the strength of their claim
about what reality is. Each explains some features of mathematical success well and struggles with others.
Source: H Heuristics, drawing on the Stanford Encyclopedia of Philosophy and the literature reviewed in Section 2.

10.2 Mathematics as a descriptive language

On the first view, mathematical structures are human-developed tools for representing patterns and
making predictions about an independently existing physical world. Mathematics is like a language or a
map: enormously useful, shaped by its users and their purposes, but not itself part of the territory.
Versions include formalism, fictionalism, nominalism and the embodied-cognition account of Lakoff and
Nufiez.

The view has real strengths. It explains why mathematical description is always approximate and
idealized: frictionless planes, point masses and infinite populations do not exist. It explains why different
mathematical formalisms can describe the same physics. Quantum mechanics can be written with
matrices, wave functions or path integrals, and classical mechanics in the Newtonian, Lagrangian or
Hamiltonian form, which suggests the mathematics is a choice of representation. It fits the historical and
cognitive evidence that mathematics grows from human practices of counting, measuring and reasoning.
And it fits Hamming's observation that mathematics is much less effective in biology, psychology and
economics, where human interest is just as strong but regularities are weaker.

Its central weakness is the record of novel prediction. If mathematics merely re-describes what has been
observed, it is hard to see why structures invented for internal reasons should predict new particles, new
waves and new geometric effects, often to many decimal places. Defenders reply that the predictions
came from physical assumptions plus mathematics, not from mathematics alone, and that selection
explains much of the rest. Those replies have force for the lower rungs of the ladder in Figure 2. They
have much less for cases such as the Omega-minus or the quantized Hall resistance, where
mathematical structure, a symmetry group or a topological invariant, did the predictive work directly.
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10.3 Mathematics as a discovery of structure

On the second view, mathematical objects and relationships capture objective structural properties of
reality, even though mathematical notation and theories are human creations. The world has structure,
such as symmetries, invariants, dimensions and patterns of dependence, and mathematics is the
systematic study of possible structures. Physics discovers which ones are instantiated. Versions include
Worrall's epistemic structural realism, Ladyman's ontic structural realism and forms of Platonism restricted
to structures.

This view explains what the first view struggles with. Novel predictions are expected, because a structure
that is really present has consequences beyond those used to identify it. The survival of mathematical
structure across theory change, Fresnel's equations in Maxwell's theory and Newton's law as a limit of
Einstein's, is expected, because the structure was right even when the ontology was wrong. Cross-
domain recurrence is expected too. Systems with different substances but the same structure should
obey the same mathematics, which is exactly what universality shows. The view also accommodates
genuinely mathematical explanations, such as the cicadas' prime periods and the bees' hexagons, in
which a structural fact explains a physical one.

Its weaknesses are conceptual. It is not clear what structure is if it is not the structure of something.
Epistemic structural realism says we know only structure, which invites the question of what the structure
relates. Ontic structural realism says structure is all there is, which some critics regard as incoherent. The
view also needs a principled way to separate the structure that is real from the mathematical surplus in a
theory: the gauge freedom, the coordinate choices and the infinities that every physical theory carries.

10.4 Mathematics as the foundation of reality

The third and strongest view holds that reality is, at its deepest level, mathematical structure rather than
merely something describable by mathematics. Its modern form is Tegmark's Mathematical Universe
Hypothesis; its ancient form is Pythagoreanism. Related ideas include Wheeler's slogan it from bit, which
takes information to be fundamental, and digital physics, which treats the universe as a computation.

The view's great attraction is economy. It answers Wigner's question completely: mathematics describes
reality perfectly because reality is mathematics, and any residual imprecision is ours. It also removes the
puzzle of why there is a gap between the description and the described. Tegmark argues that it makes
testable predictions, for instance that we should expect to find ourselves in a typical mathematical
structure that admits observers. He also argues that physics should never encounter a feature that resists
mathematical description.

The difficulties are severe. First, testability. The prediction that physics will remain mathematical is also
made by the other views. The typicality prediction requires a measure over all mathematical structures,
and no one knows how to define one. Second, Gédel. Many mathematical structures, including arithmetic,
cannot be completely described by any consistent set of axioms, so it is unclear what it would mean for
the universe to be such a structure. Restricting the hypothesis to computable structures avoids this but is
an additional assumption. Third, the gap between structure and experience. The view must explain why
some structures are experienced as physical and conscious. Saying that self-aware substructures
perceive themselves as living in a physical world restates the problem rather than solving it. The
hypothesis remains controversial and is not an established scientific conclusion (Grade D).
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Table 10. Three positions on why mathematics describes reality, compared

Descriptive language Discovery of structure Foundation of reality

Core claim Mathematics is a human tool
for representing an
independent world

Explains well Idealization; multiple

formalisms; human origins;
weak success outside physics

Struggles with Precise novel predictions from

abstract structures

Success tracks human effort
and interest

Prediction

Continued successful
prediction of unforeseen
phenomena by abstract
structure

How evidence
could weaken it

Report's grade C (as a full account)

Mathematics captures

objective structural features of

the world

Novel prediction; survival of

structure across theory
change; universality

What structure is without
things; separating real
structure from surplus

Success tracks shared
structure, not shared
substance

Theory changes that discard
core mathematical structure

C (best supported)

The Mathematical Architecture of Reality

The world is a mathematical
structure

Why mathematics works at all;
no gap between description
and reality

Testability; the measure
problem; Godel; experience

No physical feature will resist
mathematical description

A physical feature proven non-
mathematical; no definable
measure

D

The positions are not mutually exclusive in every respect; many philosophers combine a descriptive view of notation with a realist view of
structure. Grades describe support from argument and from fit with scientific practice.

10.5 Explaining the effectiveness

The positions are general. The effectiveness of mathematics has more specific candidate explanations,
which can be compared by what each predicts. Table 11 lists six.

Table 11. Candidate explanations for the effectiveness of mathematics, and what each predicts

Mechanism

Explanation

Predicts

Evidence in this report

Scientists choose tractable
problems and suitable
mathematics

Selection

Much mathematics was
built to solve physical
problems

Co-development

Nature contains
regularities; mathematics
compresses them

Compressibility

Collective behavior
depends on few structural
features

Universality

Minds evolved to track
environmental structure

Cognitive and
evolutionary fit

Structural identity  Physical structure is

mathematical structure

Success concentrated
where effort is

Applied mathematics fits
its original domain

Success where data are
compressible; failure for
chaos and history

Same mathematics
across unrelated systems,
exactly in the limit

Basic mathematics is
intuitive; advanced
mathematics is not

No limit to mathematical
description

Real: weaker success in Partial
biology and economics;

many unused structures

Real for calculus, Fourier Partial
analysis, probability; not
for groups, spinors,

topology

Strong: Balmer, Kepler,
Noether; limits in chaotic
and computational
systems

Major

Strong: critical exponents,
Feigenbaum, one equation
for three systems

Maijor

Supported for number Minor
sense; cannot explain

abstract predictions

Unresolved; consistent
with but not required by
the evidence

Open

Weights are the report's judgment of how much of the effectiveness each explanation accounts for, based on Sections 4 to 9.
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The pattern is informative. Selection and co-development remove much of the surprise but not the
hardest cases. Compressibility and universality do most of the remaining work, and both are facts about
the world: that nature is compressible and that collective behavior is insensitive to detail. The cognitive
explanation accounts for the beginnings of mathematics, not its reach. Structural identity remains possible
but is not needed to explain anything the others cannot. The combined explanation therefore points
toward the second position. Mathematics works because the world has structure of a particular kind,
compressible, shared and invariant, and mathematics is the study of structure.

10.6 The unreasonable ineffectiveness

Any honest account must also explain where mathematics works poorly. The mathematician Israel
Gelfand remarked that the only thing more unreasonable than the effectiveness of mathematics in
physics is its ineffectiveness in biology. Kumaraswamy Velupillai wrote of the unreasonable
ineffectiveness of mathematics in economics, arguing that much mathematical economics rests on non-
constructive and non-computable foundations. Mathematical models in ecology, medicine and social
science are useful, but rarely achieve the precision or the novel predictions of physics.

The explanations in Table 11 predict this. Living and social systems are shaped by history, so many of
their features are frozen accidents that no compact rule can compress. They are often far from the critical
points and large-number limits where universality holds. Their components adapt to the models used to
describe them, as when markets change in response to the forecasts made about them. These are not
failures of mathematics but features of the systems. Where biology does have universal structure, such
as the genetic code, the mechanics of molecules and the statistics of populations, mathematics works
very well. The gradient of mathematical success from physics to sociology is, on this account, a gradient
in compressibility and universality, not in human effort. That is evidence against the pure selection view.

A new line of evidence comes from machines. Schmidt and Lipson showed in 2009 that a search
algorithm, given motion data from pendulums and oscillators, could rediscover conservation laws and
equations of motion without being told what to look for. Al Feynman recovered all 100 equations from the
Feynman Lectures in a test set from data alone, using physics-inspired assumptions such as symmetry
and separability. Machine-learning methods have suggested conjectures that mathematicians then
proved, and a language-model-guided search has found new constructions in combinatorics. If non-
human systems searching for compact descriptions converge on the same mathematics humans found,
that weakens the view that mathematical physics reflects only the peculiarities of human cognition. It does
not yet settle the matter, since these systems were built by humans with human assumptions, but it is a
direction in which evidence could accumulate.

10.7 Undecidability in physics

One more result bears on the strongest position. Gédel and Turing showed that mathematics contains
true statements that cannot be proved and questions no algorithm can decide. For decades this seemed
irrelevant to physics. In 2015 Toby Cubitt, David Pérez-Garcia and Michael Wolf proved that the spectral
gap problem is undecidable. Whether a quantum many-body system on a lattice has an energy gap
above its ground state, a property that determines much of its low-temperature physics, cannot in general
be determined from a description of its local interactions. They showed this by constructing systems
whose gap encodes the halting problem.

The result has two implications. It shows that mathematics can prove limits on what physics can know,
just as chaos theory does for prediction (Section 7). And it complicates the claim that reality is a
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mathematical structure. If it is, then it contains questions about itself that cannot be answered within any
formal system, so a complete theory of everything might exist without being able to answer all questions
about the systems it governs. That is compatible with the Mathematical Universe Hypothesis, but it
removes one of its attractions, the promise of complete knowability.

10.8 Assessment

The evidence from the six lower layers supports the following assessment, set out graphically in Section
15.

The descriptive-language view correctly explains the human character of mathematical notation and
practice, the idealization in all models, and the uneven success of mathematics across sciences. As
a complete account it fails to explain precise novel prediction by abstract structure (Grade C as a
complete account).

The discovery-of-structure view best explains the combination of novel prediction, survival across
theory change and cross-domain universality. Its conceptual problems are real but not decisive
(Grade C, the best supported of the three).

The foundation view explains the effectiveness of mathematics most completely but makes no
prediction that distinguishes it from the second view. It faces unresolved problems of testability,
measure and undecidability (Grade D).

This report therefore adopts structural realism as its working position for the series, while keeping the
question open. In practical terms the series treats the mathematical structures that recur in its reports,
such as conservation laws, networks, scaling laws and thresholds, as candidates for real features of the
world. They have to earn that status by meeting condition (3) of Section 3 in each new domain. They are
not presumed to have it because they are mathematical.
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1 1 TESTING THE HYPOTHESIS

11. Testing the Mathematical Architecture
Hypothesis

11.1 Three tests

The Mathematical Architecture Hypothesis claims that mathematical structures provide a common
framework for identifying constraints, describing interactions, explaining emergent patterns and predicting
behavior across domains whose mechanisms differ. Section 3 gave it a testable form. This section
applies three tests.

1. Compression. Does a mathematical structure describe many independent observations with far
fewer parameters, and does it predict observations not used to build it? This is condition (1) of
Section 3.

2. Transfer. Does a structure identified in one domain predict quantitative outcomes in another domain
with a different mechanism, without refitting? This is condition (3).

3. Discrimination. Applied to a range of claimed cross-domain correspondences, does the test
separate genuine unifications from superficial resemblances? A test that passes everything is not a
test.

11.2 Test 1: compression

Kepler's third law is the textbook example of a mathematical law, and it is worth testing directly. Figure 20
plots the orbital periods of the eight planets and Pluto against the semi-major axes of their orbits. On
logarithmic axes they fall on a straight line with fitted slope 1.4998, against the theoretical 3/2. The four
large moons of Jupiter give 1.5000. Eighteen numbers, a period and a distance for each of nine bodies,
are compressed into one exponent and one constant.

H Heuristics - Research Report - October 2026 65



H HEURISTICS The Mathematical Architecture of Reality

a Nine bodies, one law: fitted exponent 1.4998 b Newton turns the law into a mass

4 planet's own mass (Newton)

—— T=a"? (Kepler, 1619)
Mercury - = inferred from orbit
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Figure 20. Compression and its refinement. Orbital period against semi-major axis for nine bodies orbiting the
Sun, with Kepler's law T « a*? (a). Newton's form of the law turns each orbit into a measurement of the central mass;
the small excess inferred from Jupiter and Saturn matches each planet's own mass, and the excess for the outer
bodies reflects the mass of the giant planets inside their orbits (b).

Source: H Heuristics calculation from mean orbital elements (Standish, JPL Solar System Dynamics) and sidereal periods; planetary masses
as fractions of the Sun's from JPL. G = 6.6743 x 107" m* kg™ s2.

Newton's derivation of the law adds something Kepler's version lacks. In Newton's form, T? = 4m°a*/[G(M
+ m)], so each orbit measures the total mass of the central body and the orbiting one. Applying this to the
four inner planets gives a solar mass of 1.989 x 10*° kg; applying it to Jupiter's moons gives a mass for
Jupiter of 1.899 x 10% kg, both matching the accepted values. Panel (b) shows that the small deviations
are not noise. Jupiter's orbit implies a central mass 0.88 parts per thousand larger than the inner planets
do, close to Jupiter's own mass of 0.95 parts per thousand of the Sun's. Saturn's implies 0.24, against its
own mass of 0.29. For Uranus, Neptune and Pluto the excess is 1.02, 1.24 and 1.35 parts per thousand.
That is close to the combined mass of Jupiter and Saturn, about 1.24 parts per thousand, which these
outer bodies feel as part of the central attraction. A law first found as a pattern in numbers becomes, in
Newton's version, an instrument that weighs the planets.

Table 12 collects the compression results from the report's calculations. In every case, a structure fitted to
some observations, or derived with no fitted parameters at all, predicts others.

H Heuristics - Research Report - October 2026 66


https://ssd.jpl.nasa.gov/planets/approx_pos.html

HEURISTICS

The Mathematical Architecture of Reality

Table 12. Compression and out-of-sample prediction in the report's calculations

Observations described

Balmer formula

Kepler—Newton law

SU(3) equal spacing
GPS relativity
Feigenbaum ratio
Onsager-Yang
formula

Fixed-point equation

Boltzmann-Gibbs
law

Parameters
fitted

10 hydrogen wavelengths 1 (fitted to 4

lines)

9 planetary orbits; 4 moons 1 exponent, 1
constant per

central body

3 baryon masses Mean spacing

Satellite clock drift None
Period-doubling cascade None
Magnetization at 18 None
temperatures

Networks, epidemics, None
lineages

Random exchange of a None (mean

conserved quantity fixed by total)

Out-of-sample result Section
6 further lines predicted within 4

5.2 parts per million

Masses of the Sun and Jupiter; 11
mass of giant planets from orbital

excess

Omega-minus mass within 0.7 6

per cent

38.4 us per day against 38.6 in 5
operation

Same 0 = 4.669 in maps, fluids 7
and circuits

Simulation matches exact curve 8
to 0.0004

All three match within 0.02 11
Top-decile share 33 per cent 9
against 33 for an exact

exponential

In the numerology test of Section 4, by contrast, one target was matched by one formula chosen from tens of thousands, with no out-of-
sample prediction: compression close to zero.

11.3 Test 2: transfer across domains

The transfer test asks whether a mathematical structure identified in one domain predicts outcomes in a
domain with a different mechanism, without refitting. The report's main test uses a single equation that
appears in three apparently unrelated systems.

Random networks. In an Erd6s—Rényi random network, where each node has on average c links, a
giant connected component appears when ¢ exceeds 1. The fraction S of nodes it contains satisfies

S=1-¢e°,

Epidemics. In the Kermack—McKendrick model of an epidemic in a well-mixed population, where
each infected person infects on average R, others, a major outbreak can occur when R, exceeds 1.
The final fraction ever infected satisfies z=1 — e R#,

Family lines. In a Galton—Watson branching process, studied in the 1870s to explain the extinction
of aristocratic surnames, each individual has on average c offspring. A lineage can survive
indefinitely only when c exceeds 1. If the number of offspring follows a Poisson distribution, the
probability of survival satisfies the same equation.

The mechanisms are entirely different: graph connectivity, disease transmission and reproduction. What
they share is a structure: each unit passes something on to a random number of others, drawn from a

Poisson distribution with mean ¢, and the question is whether the process can reach a finite fraction of the
whole. Figure 21 simulates all three and compares them with the one equation. For ¢ above 1.3, the giant
component of a 20,000-node network differs from the equation's solution by at most 0.01, the final size of
simulated epidemics by at most 0.011, and the survival probability of simulated lineages by at most 0.02.
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a One equation, three systems b
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U Branching lineages
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Figure 21. One equation, three systems. Simulated giant-component size in random networks, final size of major
epidemics and survival probability of family lines, against the solution of S = 1 — €™ (a). The same fixed-point
equation describes four classical problems because each shares one structure: units passing something to a
Poisson-distributed number of others (b).

Source: H Heuristics calculation;, Erdés—Rényi networks of 20,000 nodes; Reed—Frost epidemics in populations of 3,000 with 60 runs per
value (major outbreaks only, final size above 5 per cent); 1,600 Poisson branching processes per value, survival defined as reaching 400
living members.

This is not an analogy. Newman proved that the epidemic and network problems are mathematically
identical under appropriate conditions, and the branching process underlies both. The transfer is also
productive. The equation implies that an infection with R, = 2 will, unchecked, eventually reach about 80
per cent of a well-mixed population, and one with R, = 3 about 94 per cent. Its threshold implies the
familiar herd-immunity fraction 1 — 1/R,. Network theory then predicted, from the mathematics of
heterogeneous degree distributions, that scale-free contact networks have no epidemic threshold, a result
that shaped strategies of targeted vaccination. Knowledge flowed from graph theory to epidemiology and
back, because the mathematics was shared.

Condition (3) of Section 3 is satisfied. The structure fitted in no domain, derived from first principles,
predicts all three with no free parameters. The domain-specific models are no better because they are the
same model.

11.4 Test 3: discrimination

A hypothesis that every recurring mathematical pattern reveals deep structure would be easy to confirm
and worthless. The third test therefore scores fifteen cross-domain correspondences, including several
the report expects to fail, against four criteria derived from Section 3:

1. Same mathematics. Is the shared structure an exact mathematical identity, or only an approximate
resemblance of shape?

2. Shared mechanism. Is there a reason, at the level of structure, why the domains should share the
mathematics?

3. Quantitative fit. Does the shared mathematics fit data in each domain quantitatively, not just
qualitatively?

4. Novel cross-domain prediction. Has the shared mathematics produced a confirmed prediction in
one domain from results in another?
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Same Shared Quantitative Novel cross- Grade
mathematics mechanism fit domain prediction

Entropy: heat < information (Landauer) strong strong strong strong
Critical exponents: magnets « fluids strong strong strong strong
S =1 - e~¢cs: networks < epidemics < lineages strong strong strong strong u
Wave equation: sound < water « light strong partial strong strong u
Inverse-square laws: gravity <> charge « light strong strong strong partial u
Period doubling: maps «» convection « circuits strong partial strong strong u
Harmonic oscillator: springs « circuits « fields strong partial strong partial u
Diffusion: heat «+ molecules <> option prices strong partial strong E
Random-matrix spacing: nuclei < zeta zeros strong strong B
Golden angle in phyllotaxis partial strong Sigelyle] B

Exponential law: gas energies < incomes partial partial - a_
Fractal form: coastlines < lungs « rivers partial partial a
3/4 scaling: organisms « cities weak weak weak weak a
'Power laws everywhere' weak none weak none a
Golden ratio in art, bodies and markets none none none none G

Figure 22. Separating unification from resemblance. Fifteen claimed cross-domain mathematical
correspondences scored on four criteria, with an overall grade. Correspondences above the dashed line meet the
transfer condition of Section 3; those below share a shape without a shared mechanism or a transferable prediction.

Source: H Heuristics assessment, based on the literature cited in Sections 4 to 9 and the calculations in this report. Scores: none, weak,
partial, strong.

Figure 22 shows the results. Seven correspondences earn an A: entropy in thermodynamics and
information, critical exponents in magnets and fluids, the fixed-point equation of Figure 21, the wave
equation, inverse-square laws, period doubling and the harmonic oscillator. Each has exact shared
mathematics, a structural reason for it, quantitative fit and at least one confirmed transfer. Maxwell's
prediction that light is an electromagnetic wave is a transfer from the wave equation of strings and sound.
Landauer's principle is a transfer from information theory to thermodynamics, confirmed in 2012. Three
correspondences earn a B. The diffusion equation in heat, molecular motion and option pricing is exact
but has made few novel transfers. Random-matrix statistics shared by nuclei and the zeros of the zeta
function is exact, but no mechanism is known for the primes. The golden angle has a mechanism and fits,
but its cross-domain reach is limited.

At the bottom, five correspondences earn C or D. The exponential law for gas energies and incomes is
mathematically exact in a model but has a weak mechanism in economies. Fractal form in coastlines,
lungs and rivers shares a description but not a cause. The 3/4 scaling of organisms and cities shares a
sublinear shape but not a mechanism or exponent. Claims that power laws are everywhere, and that the
golden ratio governs art, bodies and markets, fail at every criterion. The test discriminates, and its verdicts
match the independent judgments of the specialist literature reviewed in Section 8.

11.5 What the tests show

The three tests support a qualified version of the Mathematical Architecture Hypothesis (Grade B for the
qualified version). Mathematical structures do provide a common framework across domains with different
mechanisms, and in the best cases they predict without refitting. But they do so only when the domains
share a structure: a symmetry, a universality class, a branching process, a conservation law or an
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information-theoretic constraint. When domains share only a shape on a graph, such as a straight line on
logarithmic axes or a spiral, the framework adds vocabulary but not explanation.

This qualification is the main scientific finding of the report. It turns the hypothesis from a general claim
about mathematics into a specific claim about which mathematics recurs and why: structures that are
insensitive to microscopic detail, so that systems built from different materials can share them. That is
precisely what the renormalization group explains for critical phenomena and what branching-process
theory explains for spreading processes. It is also what one would expect if the discovery-of-structure
position of Section 10 is right.

11.6 What would weaken the hypothesis

The hypothesis could be weakened in several ways. A large, systematic sample of claimed cross-domain
correspondences, scored blind by independent assessors, might show that genuine transfers are rarer
than this report's illustrative sample suggests. A domain in which no transfer of mathematical structure
from elsewhere has ever produced a confirmed prediction, despite serious effort, would set a boundary
on the hypothesis. And if the apparent successes turned out to depend on post hoc selection, recognizing
shared structure only after both domains were understood, the predictive part of the hypothesis would
lose force. Section 12 turns these possibilities into a research agenda.
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1 2 HYPOTHESES AND RESEARCH AGENDA

12. Hypotheses and Research Agenda

12.1 Ten testable hypotheses

The analysis of the preceding sections can be condensed into ten propositions. Each is stated so that
evidence could support or weaken it. They are offered as hypotheses for the series and for wider
research, not as conclusions. Table 13 lists them with the evidence that would bear on each.
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Table 13. Ten testable hypotheses about the mathematical architecture of reality

Would be supported by Would be weakened by Grade
H1 Compression. Mathematical Correlation between description-  Highly predictable domains with B
prediction succeeds in proportion length savings and out-of- incompressible data, or the
to the measured compressibility of  sample predictive skill across reverse
a domain's data. many data sets
H2 Structural transfer. Mathematics Blind scoring of a large sample Frequent successful transfers B
transfers between domains with a of correspondences reproducing  between domains sharing only a
confirmed prediction only when the split in Figure 22 curve shape
they share a structure (symmetry,
universality class, branching), not
merely a functional form.

H3 Structural survival. When A systematic historical survey of  Many cases in which core B
theories are replaced, their theory change in physics and equations were discarded while
mathematical structure survives chemistry entities were retained
more often than their claims about
what exists.
H4 Effectiveness gradient. The Success measures correlating Success tracking effort once C
decline of mathematical success with system properties after system properties are controlled
from physics to social science controlling for funding and
tracks compressibility and publication volume
distance from large-number limits,
not research effort.
H5 Coincidence calibration. Most Re-analysis of numerological Many such relationships B
published numerical relationships claims against formula-space surviving the test and later
among constants with no null models being derived
derivation fail a look-elsewhere test
of the kind in Figure 6.
H6 Machine convergence. Agreement across differently Machines finding equally C
Independent automated systems designed systems trained on compact but structurally
searching for compact laws raw data different laws
converge on the same structures
humans found, such as
conservation laws and symmetries.
H7 Physical undecidability. More New undecidability proofs for Proofs that classes of physical C
physically natural questions will be realistic models (beyond the questions are always decidable
proven undecidable or spectral gap)
computationally irreducible.
H8 Symmetry first. Any new Discoveries explained by A confirmed fundamental law B
fundamental physics will be extended or broken symmetry with no symmetry interpretation
organized by new symmetries or groups
the breaking of known ones.
H9 Power-law deflation. Rigorous Replication of Clauset-style tests  Majority of claims surviving B
re-analysis will find strong support  across fields rigorous tests
for power laws in a minority of
claimed cases in biology and
social science.
H10 Series prediction. Across the Applying the scorecard of Scaling claims passing the C
Architecture of Creation reports, Section 11 to every cross- transfer test as often as
the cross-domain claims that meet  domain claim in the series threshold and network claims
the transfer test will be those
based on conservation, networks
and thresholds; general scaling
claims will mostly fail.
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Grades describe current support for each hypothesis as stated. H1 to H4 bear most directly on the central question;, H10 applies the
framework to the series itself.

12.2 A research agenda

Several of these hypotheses could be tested with existing tools. Four projects would be particularly
informative.

1. A compression atlas of science. Measure the description-length savings of the best available
models across a broad range of scientific data sets, from planetary ephemerides to gene-expression
panels and macroeconomic series. Compare those savings with independent measures of predictive
success. This would test H1 and H4 directly, and would turn Hamming's third explanation from an
impression into a measurement.

2. Ablind correspondence audit. Assemble several hundred published claims of cross-domain
mathematical correspondence and have them scored on the four criteria of Section 11 by assessors
who do not know the claims' reputations. This would test H2 and H9 and calibrate the discrimination
test.

3. A history of surviving structure. Code the major theory changes in physics and chemistry since
1600 for what was retained and what was discarded: equations, entities, constants and concepts.
This would test H3 and give structural realism the quantitative footing it currently lacks.

4. A machine-discovery benchmark. Give several independently designed symbolic-regression and
machine-learning systems the same raw physical data, and compare the laws they find in form,
compactness and predictive power. This would test H6 and begin to separate what is human in
mathematical physics from what is forced by the data.

None of these projects would settle the philosophical question. Together they would turn several of its
components into measurable quantities, which is the most a scientific program can do for a philosophical
question, and more than has yet been done for this one.
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1 3 THE LIMITS OF MODELING

13. The Limits of Mathematical Modeling

13.1 The model and the world

Every mathematical model is a simplification, and every simplification leaves something out. The
statistician George Box made the point in a 1976 paper. Since all models are wrong, he argued, a
scientist cannot obtain a correct one by endless elaboration, and should instead seek the simple model
that is usefully wrong. The point applies to the best physical laws as much as to statistical models.
Newton's law of gravitation is wrong at high speeds and strong fields; general relativity is wrong, or at
least incomplete, at the Planck scale; quantum field theories are defined only up to some energy. A model
is a map, and the map is not the territory.

This section sets out the main limits on mathematical description. They do not undermine the conclusions
of this report, but they bound them. Table 14 summarizes them.

Table 14. Limits on mathematical description of the world

Limit Example Consequence Section

Idealization Point masses, frictionless planes, Every model is accurate only within a 13.1
infinite populations domain

Overfitting Epicycles; models with as many Fit without compression explains nothing 13.2
parameters as data

Effective theories Newtonian gravity; Fermi theory of Laws are valid at some scales and fail at 13.3
weak interactions others

Chaos Weather; the three-body problem Deterministic laws with a calculable 7.4

horizon of prediction

Computational Rule 110; many cellular automata Outcomes found only by simulation 7.5
irreducibility
Undecidability Spectral gap of quantum lattices Some physical questions have no 10.7

algorithmic answer

Unproven Navier—Stokes smoothness; Yang— Physical theories used without rigorous 13.4

foundations Mills mass gap mathematical footing

Unknown physics Dark matter, dark energy, quantum Most of the universe's energy content is 13.5
gravity not described by known laws

The limits are of different kinds: some are features of models, some of mathematics itself, and some of the current state of physics.

13.2 Fitting is not explaining

Ptolemy's astronomy described planetary motion as circles moving on circles, or epicycles. It was
mathematically sophisticated and predicted planetary positions to within the accuracy of naked-eye
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observation for more than a thousand years. It was also wrong about the arrangement of the solar
system. Its success was not evidence of truth, because epicycles are a Fourier series in disguise, and
with enough circles a Fourier series can approximate any closed curve.

Figure 23 makes the point with a deliberately unphysical target, the outline of the letter H. Three circles
produce a blob, with an error of 19.18 per cent of the letter's height. Nineteen circles produce a
recognizable H with an error of 1.2 per cent, and 51 circles reduce the error to 0.39 per cent. With about
500 circles the error falls to 0.01 per cent, and the drawing is indistinguishable from the letter. No one
would conclude that the letter H is made of circles.

b Any shape, given enough circles

=N
o
1

3 circles 7 circles 17 circles 51 circles

SRR

Figure 23. Any shape, given enough circles. Fourier epicycle approximations to the outline of the letter H with 3, 7,
17 and 51 circles (a), and the error as a function of the number of circles (b). Flexible mathematics can fit anything; fit
alone is not evidence that the mathematics describes the mechanism.

Source: H Heuristics calculation; the outline is sampled at 2,048 points and reconstructed from its lowest Fourier modes; error is the root-
mean-square distance as a percentage of letter height.
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The modern version of the epicycle problem is any model with enough free parameters, including large
neural networks, which are universal approximators. Such models can be extremely useful for prediction
within the range of their training data. But their success is not evidence that the world has the structure of
the model, any more than Ptolemy's success was evidence for epicycles. The criterion of Section 3,
compression and out-of-sample prediction, separates the two cases. Kepler's ellipses replaced Ptolemy's
circles not because they fit better, but because they compressed the data into three laws and later yielded
to Newton's single one.

13.3 Approximation and effective theories

A striking feature of physics is that it works at all without a final theory. Engineers design bridges with
Newtonian mechanics without knowing quantum gravity. The reason, made precise by the
renormalization group, is that the physics at one scale is largely insensitive to the details of physics at
much smaller scales. Every working theory is an effective theory, accurate within a range of scales and
expected to fail outside it.

This is good news for the effectiveness of mathematics, because it explains why imperfect theories
predict so well. But it limits what the effectiveness can show. The fact that a mathematical theory works at
one scale does not show that its structure is fundamental. It may be the large-scale shadow of a quite
different structure at smaller scales, just as the equations of fluid flow emerge from molecules that are not
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fluid at all. Structural realism, the report's working position, must therefore be modest: the structures it
takes to be real are real at the scale where they apply, without implying that they are the bottom level.

13.4 Mathematics that is not finished

Physics uses mathematics that mathematicians have not yet made rigorous. Whether the Navier—Stokes
equations always have smooth solutions in three dimensions is unknown and is one of the Clay
Millennium Prize problems. So is the existence of a mass gap in Yang—Mills theory, the mathematical
structure underlying the strong force. Hilbert's sixth problem, to put physics on axiomatic foundations,
remains, in Alexander Gorban's phrase, an endless road to rigour. Physicists routinely compute with
quantities, such as path integrals, that mathematicians cannot yet define in general.

This means that the mathematical architecture of reality is incomplete as mathematics, not just as
physics. The structures physics relies on are, in several cases, structures whose existence and properties
have not been proved. That they nevertheless predict correctly is itself evidence that they track something
real, but it also means the effectiveness of mathematics runs ahead of mathematical understanding.

13.5 The empirical boundary

Finally, mathematics can only describe what has been observed or inferred. The discovery in 1998 that
the expansion of the universe is accelerating, by teams led by Riess and Perlmutter, revealed that about
69 per cent of the universe's energy is in a form, dark energy, whose nature is unknown. Another 26 per
cent is dark matter, also unidentified. The Planck 2018 cosmological parameters are measured to about
one per cent, and the mathematics of the standard cosmological model fits the data remarkably well. But
a well-fitting model with two unexplained components making up 95 per cent of the content is a reminder
that fit is not completeness.

There is no contradiction between these limits and the report's main findings. Mathematics describes
reality extraordinarily well where reality is compressible, universal and well observed. It reaches its limits
where reality is chaotic, computationally irreducible, historically contingent, undecidable or not yet
observed. The location of those limits is itself mathematical knowledge.
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IMPLICATIONS

14. Implications

The Mathematical Architecture of Reality

14.1 For the Architecture of Creation series

The series has described the universe, life, Earth, entropy and civilization using a common mathematical
vocabulary: conservation laws, scaling relations, networks, thresholds and feedbacks. This report
provides a way to audit that vocabulary. Not every mathematical claim in the series is of the same kind,
and the transfer test of Section 11 indicates which cross-domain claims are likely to be unifications and
which resemblances. Table 15 applies the framework to each report.

Table 15. Implications for the reports of the Architecture of Creation series

Mathematical structures relied
on

Strongest ground

Where to be cautious

The Universe

Life

Earth

Entropy

Civilization

A Unified

Architecture of

Reality

General relativity; symmetry
breaking; gravitational instability;
fine-tuning arguments

Networks; branching; reaction—
diffusion; allometric scaling;
evolutionary dynamics

Coupled differential equations;
feedbacks; tipping points; fractal
landscapes

Statistical mechanics;
information theory; maximum
entropy

Networks; cascades;
percolation; urban scaling;
cumulative advantage

Cross-domain recurrence of
structures

Geometric gravity and
cosmological parameters
(Layers Il and Ill; Grade A)

Branching and threshold
processes; Turing patterns
where measured (Grade A
-B)

Conservation of energy
and mass; bifurcation
theory (Grade A)

Boltzmann and Shannon
entropy; Landauer's
principle (Grade A)

Network fragility and
pooling results (exact in
models; Grade A-B)

Correspondences graded A
in Figure 22

Explanations of the
constants' values (Layer I;
Grade D)

Universal metabolic
exponents (Grade C)

Precise thresholds in
complex coupled systems;
power-law hazard claims

Entropy as a general
explanation of social or
economic change (analogy)

Urban scaling as law;
exponential income
distributions (Grade B-C)

Correspondences graded C
or D; resemblances
presented as unification

The table identifies where each report's mathematical claims sit on the ladder of Figure 2; it does not re-evaluate the reports' substantive

conclusions.

The general implication is that the series' most secure cross-domain claims rest on the structures that
passed the transfer test: conservation laws, branching and percolation thresholds, universality near
critical points and information-theoretic limits. Its least secure rest on general scaling laws and pattern
resemblances. Future reports should state, for each cross-domain mathematical claim, which rung of the

ladder it occupies and whether it meets condition (3).
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14.2 For science

Three implications reach beyond the series. The first is that the effectiveness of mathematics can be
studied empirically, not just admired. The research agenda of Section 12 suggests how. The second is
that the most valuable mathematics for unifying different sciences is the mathematics of structure that is
insensitive to detail: symmetry, universality, network topology and information. Training that emphasizes
these, rather than domain-specific techniques alone, is training for transfer. The third is a warning. As
machine-learning models of enormous flexibility become standard tools, the difference between fitting and
explaining, which Ptolemy's epicycles illustrate, becomes more important, not less. A model that predicts
well within its training range has not thereby revealed the structure of the world.

14.3 Ten heuristics for using mathematics to understand reality

In keeping with the H Heuristics approach, the report's findings can be condensed into working rules.

1. Ask which rung. Before accepting a mathematical claim about the world, ask whether it is an
identity, a law, a regularity, a model or an analogy.

2. Count the formulas you could have tried. A numerical match is evidence only in proportion to how
unlikely it would be by chance.

3. Prefer compression to fit. A model that describes many observations with few parameters, and
predicts new ones, explains. A model that fits with many parameters may not.

4. Look for the symmetry. Conservation laws and selection rules usually come from invariance; find
what does not change.

5. Find the universality class. If two systems share mathematics, ask what structural features they
share; if none, suspect coincidence.

6. Test before naming a power law. Use likelihood-based tests and require a mechanism.

Respect the horizon. In chaotic systems, compute how far ahead prediction is possible before
investing in precision.

8. Distinguish rule from outcome. A short rule may produce outcomes that can only be found by
simulation.

9. Keep the map and territory apart. Every model is effective within a range; state the range.

10. Watch for transfer. The strongest evidence that mathematics has captured something real is a
confirmed prediction in a domain it was not built for.
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1 5 CONCLUSION

15. Conclusion: Language, Structure or
Foundation?

15.1 The answer to the central question

The report set out to ask whether mathematics is merely a language humans use to describe reality, or
whether its effectiveness reveals something deeper about the structure of reality itself. It did not
presuppose an answer. Having examined seven layers of evidence and applied three tests, it can now
give one, with grades.

Mathematics is, in part, a descriptive language. Its notation, its choice of problems, its standards of proof
and its idealizations are human. Its success is partly explained by selection and by the co-development of
mathematics and physics. And its effectiveness falls off sharply in domains that resist compression. A
purely descriptive account, however, cannot explain the record of precise novel prediction by abstract
structures, the survival of mathematical structure through theory change, or the exact recurrence of the
same mathematics in systems that share nothing but structure.

The evidence is best explained by the second position: mathematics, at its most successful, is a
discovery of objective structure. Symmetries, invariants, the geometry of spacetime, universality classes
and the laws of probability are not merely convenient. They are features of the world that any adequate
description must capture, and that mathematics, as the systematic study of possible structures, is
equipped to find. Figure 24 summarizes the report's assessment.
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DESCRIPTIVE LANGUAGE DISCOVERY OF STRUCTURE FOUNDATION OF REALITY

high = report's working position

I Epistemic structural |
realism

|
|
Embodied L
mathematics

- Ontic structural
realism
moderate = Formalism

- Platonism
Fictionalism /
nominalism

a» Mathematical Universe

Hypothesis

Support from current evidence and argument
(H Heuristics assessment)

Pythagoreanism

low =

Strength of the claim about what reality is —

Figure 24. Where the evidence points. The report's assessment of support for positions on why mathematics
describes reality, against the strength of each position's claim about what reality is. The best-supported position is
epistemic structural realism: mathematics captures real structure, though not necessarily the whole of what exists.

Source: H Heuristics assessment, based on Sections 2 to 13. Positions are placed qualitatively; the vertical axis is a judgment, not a
measurement.

The third position, that reality is mathematics, explains the effectiveness most completely. But it makes no
prediction that distinguishes it from the second, and it faces unresolved problems of testability, measure
and undecidability. It remains a serious philosophical proposal and a possible future direction, not an
established scientific conclusion.

The report's answer. Mathematics is best understood as a means of discovering objective structure.
It is more than a descriptive language, because its structures predict, persist and transfer. It is not yet
shown to be the foundation of reality, because nothing in the evidence requires that further step.

15.2 What a defensible mathematical architecture of creation establishes

Separating what is established from what is open is the main purpose of the grading scale. Table 16 does
this for the report's central claims.
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Table 16. What is established, what is supported and what remains open

Claim

Mathematics has repeatedly predicted unobserved
phenomena with high precision

Continuous symmetries imply conservation laws

Gravity is described with high precision as spacetime
geometry

Simple deterministic rules can produce chaos and universal
computation

Physically different systems share exact mathematics near
critical points and thresholds

Macroscopic regularities follow from the statistics of
microscopic events

Numerical coincidences among constants are weak evidence
without derivation

Mathematical structure survives theory change more than
ontology does

Cross-domain mathematical transfer succeeds when
domains share structure, not shape

Mathematics is best understood as a discovery of objective
structure

Why the fundamental constants have their values

Reality is fundamentally a mathematical structure

Status

Established by the historical record

Proven and confirmed

Confirmed in every tested regime

Proven

Established theory and experiment

Established

Demonstrated by calculation

Well supported by case studies; not

systematically measured

Supported by this report's tests; needs a
larger sample

Best supported philosophical position

Open
Open; philosophical

The grades follow Table 1. A claim's grade can change as evidence accumulates; Section 12 indicates how.

A scientifically defensible mathematical architecture of creation is therefore not a claim that the universe
is a formula. It is a claim that the constraints, generators and filters that shape every domain of creation,
from galaxies to cities, are expressible in a limited set of mathematical structures. These structures recur
because they are insensitive to the details of what they organize, and they can be tested by whether they
predict across domains. That claim is supported at Grade B by the evidence in this report.

15.3 What remains unresolved

Several questions remain open, and the report has not pretended otherwise. Why the fundamental
constants have their values is unknown. Whether mathematical structure is the whole of reality, or only
the part that can be known, is unresolved. Ontic and epistemic structural realism remain in dispute, as
does the coherence of structure without objects. The relative weight of compression, universality and
selection in explaining mathematical success has not been measured. The unification of general relativity
and quantum theory, which may require new mathematics, has not been achieved. Nor is it known how
far the reach of mathematics into biology and social systems can be extended, or whether it has a
principled limit.

15.4 How this informs the series

For subsequent H Heuristics papers on the universe, life, Earth, entropy and civilization, the report offers
a method and a caution. The method is to locate each mathematical claim on the ladder of Figure 2, to
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test cross-domain claims with condition (3), and to grade the result. The caution is that the most
persuasive-looking patterns, such as straight lines on log-log plots and spirals, are often the least
informative. Meanwhile the least glamorous structures, conservation laws, threshold equations and the
statistics of large numbers, are often the ones that genuinely unify. The series' framework of constraints,
generators and filters can now be read as a claim about mathematical structure: the constraints are
symmetries and geometries, the generators are dynamical rules, and the filters are stability and
probability.

15.5 Closing

Wigner called the effectiveness of mathematics a wonderful gift that we neither understand nor deserve.
This report suggests that it can be partly understood. Mathematics works because the world is
compressible, because collective behavior forgets most of its details, and because the deepest
regularities of nature are symmetries and invariants that mathematics was built to study. Whether it is
deserved is another matter. What can be said is that the gift has a definite shape, and that its shape is
evidence about the world. Reality has structure that can be compressed, shared across systems and
preserved through change. Mathematics is how that structure is found.

Final verdict. Mathematics is not merely the language in which we describe the world, nor
demonstrably the substance of which the world is made. It is the means by which we discover the
world's structure, and its success is the best evidence we have that such structure is really there.
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